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SUMMARY

In present paper, an attempt has been made to develop calibration estimators of population mean in two-stage stratified random sampling when the
auxiliary information is available at element (secondary stage unit) level for the entire population by calibrating integrated design weight. Some
simulation studies with real data have been conducted to examine the relative performance of the estimators over the usual estimator of the population
mean without using auxiliary information in two-stage stratified random sampling. It has been found from the results of the simulation studies that
there has been significant improvement in precision of the estimate by using proposed calibration estimators.
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1. INTRODUCTION

Calibration approach based estimation of finite
population mean / total in survey sampling has received
a lot of attention by survey statisticians after the initial
work of Deville and Sarndal (1992). Since then a lot of
contributions have been made on calibration estimators
by various research workers. Notably among them are
Singh et al. (1998), (1999), Kott (2006), Farrel and
Singh (2005), Estevao and Sérndal (2000), (2006),
(2009), Kim and Park (2010) etc. Tracy et al. (2003),
Kim et al. (2007), Singh and Arnab (2011), Sinha et al.
(2016) etc. have extended calibration approach based
estimation to stratified random sampling. Kaustav
et al. (2016) have developed calibration estimator of
population mean in two-stage sampling when auxiliary
information is available at primary stage unit (psu)
level. Mourya et al. (2016), (2016) have also dealt
with calibration estimators in two-stage sampling
and cluster sampling when auxiliary information is
available at second stage unit (ssu) level for the selected

Corresponding author: B.V.S. Sisodia

E-mail: bvssisodia@gmail.com & dhirendra.teotia@gmail.com

psu(s). In fact, in most of the sample surveys, multi-
stage stratified random sampling designs are generally
used. In recent paper by Singh et al. (2017), some
calibration estimators of finite population mean in two-
stage stratified random sampling have been developed
when the auxiliary information is available at ssu level
for the selected psu(s). Singh et al. (2020) have also
developed calibration estimators in two-stage stratified
random sampling when information on auxiliary is
available at all psu level. However, there could be some
situations where the auxiliary information is available
at the element (ssu) level for the entire population. For
example, in survey for crop yield estimation at district
level, operation land holding sizes of households
(element level) are easily available on web site of the
government. This can be considered as the auxiliary
information at element level (Household level ) in two-
stage stratified random sampling where Tehsil (Taluka)
are strata, villages are psu(s) and households are ssu(s).
Similarly, in health surveys for a given district, Tehsils
can be considered as strata, the number of public and
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private hospitals can be considered as psu(s) within
strata and number of indoor patients suffering with
different ailments can be considered as ssu(s)/ elements
within hospital( psu). These number of indoor patients
are therefore available auxiliary information at elements
level.

Therefore, an attempt has been made in the present
paper to develop calibration estimators of population
mean in two-stage stratified random sampling when the
auxiliary information is available at the element (ssu)
level for the entire population by calibrating integrated
design weight (see Sidrndal, (2017)). The usual
estimator of population mean in two-stage stratified
random sampling without using auxiliary information
is briefly described in section-2. The section-3 dealt
with development of calibration estimators as proposed
above. Different version of proposed calibration
estimators under simple random sampling without
replacement (SRSWOR) have been described in
section-4. Some simulation studies with real data have
been conducted to examine the relative performance of
the estimators in section-5. A concluding remark has
been given in section-6.

2. THE USUAL ESTIMATOR OF
POPULATION MEAN IN TWO-STAGE
STRATIFIED RANDOM SAMPLING
WITHOUT USING AUXILIARY
INFORMATION
Let the population of elements U = (1,2,3....K,.....N)

is partitioned into U,,U,,Us,......U,,.....Uy psu’s. The

of psu’s s

population denoted by U, =

U, Uy Uy Uy ) The size of U, is denoted by N, .

N, N,
So,wehave U= U, and N =) N, . Let the population
i-1 =

ofpsu’s U, isstratifiedinto G strata,i.e 1,2,3,......g,......G

. The size of the g stratum is denoted as N, , i.e g*

G
stratum consists of N, psu’s such that >, N, =N,. Let

g=1

N, is the number of ssu of i”

p psu in g stratum

(i=1,2,3.... N,), such that N,, Z .» the total

number of elements in g stratum . Let the population

of N, psu’s in the g stratum is denoted by

= U Uy U Upy )
We further define

— N

80 .
© =7y, average number of ssu per psu in the
8

g™ stratum.

t.. = value of ¥ corresponding to k" element of

" psu in the g* stratum.

Ztyg,k , total of ¥ in i" psu of g* stratum.

k=1
L o
=N Ler, mean per ssu in i psu of gt
gi k=1
stratum
NA’ NA’
by = 2. 2 £, , total of ¥ in the g stratum
7 tyg 1 < gl
“ NN N &N the mean of ¥ per ssu
i=1

in g™ stratum.

by = N - P , the average total of ¥ per psu.

e
At-first stage, a random sample s, of n, psu’s
from N, psu’s in g” stratum is drawn according to
sampling design P,() with the inclusion probabilities
7, and 7, at psu level.

At-second stage, we draw a random sample s, of
size n, elements from the selected i psuin g stratum
(i=1,2,3 ... n,) according to design P() with
inclusion probabilities 7, and 7, .

We also define
i — Ty With A = By /. and

i
A

gkl/

Agk% = Tayy ~ Py oy with Ag’% = Ty (D

12

The objective to estimate is the population mean

ZQg % 2
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The Horvitz-Thompson estimator (20) of ¢, is

given by
ES 1 & 1 & s
t = = a0t =—=—) al .
yg(HT) NgNgo o gi"ghk[i” ygik NgN ; gi” ygi(HT)
1 & N S
:V aé’i =~ tygL(HT)
g =1 go
¢
_ _ve(HT)
NN, 3)
where tyg(HT) = zagitygi(HT) and Lyei(arm) Zl:agk/z ygik
i=1 él ¢

are the Horvitz-Thompson estimator of ¢, and i,

1
respectively, % = and @i = .
ﬂ—gi gk/i

The variance of Z,,, can be written as sum of two

components as per Sarndal et al. (14)

V(ti ) Vpbu + ‘/ssu
HTY = a2z 4
vg(HT) NZ N;D 4)
where
t V.
V — A B Y8 gl V — i
psu Z% &ij Ty 7y ssu % 7y and

ZZ Agk ;vgtk ;vgtl
W, wy Ty

The first component V,,, is unbiasedly estimated

by
1(1 .
ygt ygl D R
psu ZZ él]ﬂ_ Ty szg:”g [ﬁgi 1JVL (5)
— z Z A ygtk ygzl
where ¥ N oz, wy Ty
The second component V,, is unbiasedly estimated
by
; 14
V=3
=S (©)
Therefore V(?yg ury) 18 given by
V(f ) _ Apsu + ‘Zsu
) =N,

1 A iygi tAy j i
= NZN? [zzg:Agij‘g/-'_Zg: ] (7)

Now, the estimator of %, in stratified random
sampling is given by

. G .
=2t ) ®)
=i
The variance of t; is given by

s G 2
V(ty)=ZQ V@, o(ur)) , Where V(ygm ) is given in
g=1

4) ©

and the estimator of variance of fy is given by
A (A G 2 A
V(ty) = gZ:ngV(t HT) ) where V( yg(HT ) is given n

(7). (10)
Let SRSWOR is denoted as SI. Therefore, the
estimator fyg(s,) under SRSWOR s given by

2~ Z N 2~ A~ 1 &
, where ba =7~ ; yeie (11)

t i JR—
y.g(SI) né i=1 N

8o

The variance of &, is given by

2~ N - Ny ’ (N —n»)
_'g 2 Net i) g2
V(tyg(SI)) B ngN: She + n,N, Z[ j nN, Sy
(12)
N, 2
where byg = [ J and
i=1

N,

1 & — N2
ngi = ﬁ;(tygik - tygi)

The unbiased variance estimator is given by

V(? )_Ng_ngs2 Ly (N‘g"_ni)s2 (13)

ye(SI) | — byg ygi
n,N, n N, = nN,

where
1 &N ’
g A A
2 gl 7 byl
Sy = == .~ 1, and
byg T’Lg—l ;(Nga ¥8 y.g]

;

2
s2. = ! > N ¢ i =— gl
= — i . ygt yng .
i n -1 N ek Tl | n =N

k=1 20

The estimator fy in SRSWOR can be expressed as

N‘)

G A S
=2t , where f,q is given in above
=i

equation (11). (14)
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The variance of %, is given by

( ) 292 (yé sz), where V(msz)) is given

in above equation (12). (15)

The unbiased variance estimator is given by

( ) ZQZ (ygSI), where V(ygs,)) is given

in above equation (13). (16)

3. CALIBRATION ESTIMATOR OF
POPULATION MEAN IN TWO-STAGE
STRATIFIED RANDOM SAMPLING
WHEN AUXILIARY INFORMATION IS
AVAILABLE AT SSU LEVEL

We follow the notations and definitions as described

section-2. Consider that the auxiliary information ¢,
related to the study variate ¢, is available at ssu level,
i.e. corresponding to k" elements of i psu in g*

stratum. The psu total of x is, therefore, automatically

N, N, N,

obtained, i.e.t,; = Y t., for i psu. Let £, = > t..
k=1 i=1 k=1

be the total of x for g stratum.

The usual Horvitz-Thompson estimator of ¢,
without using auxiliary information given in (3) is
reproduced here

g(HT) — N N zz gik ygzk (17)
go Sg i
where @, =a,a,,, which is an integrated weight.

We want to calibrated a,, . Let w,, be the integrated

calibrated weight and therefore, the calibrated estimator
of ¢, is given by

yg NN ZZ gtk ;»gtk (18)

go Sy S
We find out the w,, by minimizing the chi-square

distance measure

2
Zz( Zk aglk) , where ¢, is some scalar
Si gik *gik

quantity

Subj ect to the constraints

é,L xél 19
NgN g = ( )

go Sg Si

Therefore, minimizing the following function with
respect to w,,,

( Weirs ) ZZ( gik gtk)

s; qglkaglk {z z wglktxglk gNgo txg ]
(20)
where, 4 is Lagrange multiplier, yields

quk agzktngk

gN gong - Z Z agiktxgik
Z Z 9eir Qg kt Jik
8ik ™ gik”xgl Sg 5

(21)
Putting the value of w,, in above equation (18), we
get

8 Ng N

go Sg i

z z qukagtktxgzk ygik
z Z qgtkagzhtxgzh (

gik” ygik +

?xg NéN ZZ gtk xgzk]

go Sy S

=1

(T +B(

(HT)) (22)

where  Lygur) = N N 2 2 et , 1s the Horvitz-

g go Sg 5
Z qutk gik xgzk ygtk
Z Z ngk agtktxgtk

Now, the calibration estimator of ¢, in two-stage

Thompson estimator of Z, and B

stratified random sampling is given by

2~ G ES
-3
g=1
G 2~ A 2~
= ; Qg [tyg(HT) + Bg (txg - txg(HT))] (23)

Under SRSWOR, say SI, the estimator tiyc can be

written as

(24)
A 1 Ngi - T 1 Ngz i
where tyg(sl) = Z% Ngo by yg(SI) — Z% Ngo by
= 1 = _1
tygi = 7ztygik ) txgi = fzt’fgik and

n Si

R Z Z qglk ygik xgzk
B
é’(SI) Z Z quk xgzk
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4. EXACT EXPRESSION OF 7% FOR
DIFFERENT CHOICES OF ¢,, UNDER
SRSWOR

The exact expression of estimator 1, .= would depend
on the choices of g,, in the formula of Bg. We shall

derive the exact expression for ¢, along with variances

and estimator of variances under two plausible choice
of g, .
Choice-I For ¢, =1 and under SRSWOR, we

have

G s A — [
= Z;Q [t (1) + Bgl(SI) (txg - txg(SI)):| 5 where
=
R zz &8l xgzk ygzk/ n;
(25)

e ZZNé.,tw/ n

Now, the above
alternatively be written as

calibration estimator can

2, G 1 ~ 1 A
ty(gl) = ZQg Lz gilygi B )[ xg _nzugitxgij:| ,

g S g S

where ¥ = Ngl (26)

. . el
The approximate variance of ?,s) has been

obtained as

2 1 1
cl _ 2 ’ 2 12
V(tyg(SI)) - [n N J(Sbyg beyg + Bgl SI beg)
8 8
2
1 & ,(1 1 ) s s
" ngNg ; ugi [nt _%J (Sygl £1(st )Swgl i Bé'l st ngl)
27)
N, 2
WhCI'C byg = 71( aibygi ~byg ) ,
2 NE 2

1 & _ , o
S-ggi N 1 z(tygik _tygi) R Sbazcg :ﬁi (ugixgi _xg) ,

k=1 g =1

N, 2
Ng -1 kz;( xgik xg )
N, o
bxyg ( Ugi xgt - x )( gztygi - tyg) s
N, -1%5
1 & -

Sxygi = ﬁ; (txgik - ?acgi ) (tygik - tygi)

gi =
. . . al .
The approximate estimator of variance of Zy,s; is

given by

S 1 1 , N
V(tygl(SI)) = |:{TL - N ](Sbig -2B g1(SI) sbx}g + B:I(SI sbxg)
g g

2
1 & (1 1 N - 9 9
+ N - ugi (—j (sygi —2B 21(ST xyg,L +Bg1 s1) x,;l)

nN, i3 n, Ngl
(28)
where
1 3 2 1 & 2 2 1 & 2
Sbryg = Ugibygi =) — 2 Uil | || Yaitisi —| — 2. Uailusi
bxyg g_l; gL7yg [ng ~ gyg] [ 817 xgi [ng = & g]],

2
NI | P
bxg ng 1 ~ g7 xgl ng ~ 8L xgl N
1 & ES
Suvgi = n—1 g(txgik g )(tygtk tvgz) 5
1 .. 1 -
Syei = n.—-1 ;(tygik - tygi) , S = n—-1& (txgik - txgi)

The approximate variance of fy?gz) is given by
( ) 292 ( (st ) , where variance of ti,;l(s[) is
given in the above equation (27). 29)

The approximate estimator of variance of g, is

given by
G
( ) 2 (yg 91) where the variance of
=t
tyf; sy 18 given in above equation (28). (30)

Choice-II For 9eir = —

txgik

and under SRSWOR, we

have
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g=1
G 1 N .~ A _ 1 2~
=0 | =YY% +B i, ——>» =%
év’zl g{ng SZg:Ngo - (SI)[ g S Ngo xgb]‘|,
LZ giy
n N
where Busn =5 (1)

g0

Following the procedure given by Sukhatme ef al.
(1984), the approximate variance of fyfﬁ,) has been

derived as

V(i) =S (i)

G
=>Q g{[—NJ(S;,; 2R,S;,, + R2S;%, )+

g=1 g g
2
1 Nz (11

nN, = “n N (32)

2 2 Q2 ?g
where D =8;,-2R,S,,+R;S;, B.== and the

xg
Value Of b),; ) Sl:ig, Sl;xyg > Sjé.w Sjgl’ Sxygi ’ uzi are giVen

in the equation (27).

The approximate variance of tiy“(;) can alternatively

be written as

g=1 g g g i=1
2
1 X 2[1 1 ] ,
Sur| 1oLl
gi 8t 33
n,N, = n, N, (33)
1 N N,
where y,=—>¢t . and X, =—>» ¢t __
y gi Ngi ; ygik gi Ngi kZ:f xgik

The approximate estimator of variance of £, has

been derived as

8 g
1 < 1 1 ’
ul| ———| d’
N, & ( N] Y

£ o
Z Usi tygz/
2 2 22 R S
where dgi = Syei 2Rél xygi + Ré.l g gl e 2~
Ugilygi / g

and the value of s, , Sy, Shue » Sogi s Suai» Suei » AT€ given
in above equations (28).
The approximate estimator of variance of t;ig,) can

alternatively be written as

( ) ZQZK_AI’] 5, ~R.E, ) +

2
: Zut TN dzi
n,N, = : Ngi .

F:4 l

(35)
_ 1 _ <
Whel‘e ysi = 7Ztygik and xsi = 7thgik
n; v n; k=1

5. SIMULATION STUDY

A simulation study has been carried out with real
data. The data of MU284 given in Appendix- B and
C of Sérndal ef al. (1992) have been used. There are
284 municipalities. The data on various variables for
each municipality are given in Appendix-B. These
municipalities have been classified into 50 psu’s of
varying size and corresponding psu totals of that
variables are given in Annexure-C. We have considered
three populations of MU284 data. The description of
the population is given in theTable-1.

Table 1. Description of the populations considered for simulation

study
Populations Study variable (Y) Auxnllalg()v arable
I P85: Population of P75: Population of
1985 1975
11 REV84: Real estate MES84: Number of

values according to
1984 assessment (in
millions of kronor)

I RMTS85: Revenues

from 1985 municipal

taxation (in millions
of kronor)

municipal employees
in 1984

REV84: Real estate
values according to
1984 assessment (in
millions of kronor)

The 50 psu’s are stratified into 4 strata considering
the psu total for the auxiliary variable X in ascending
order. Consequently, the stratum I consists of 13 psu’s,
stratum II consists of 14 psu’s, stratum III consists of
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12 psu’s and stratum IV consists of 11 psu’s. The
samples of size 4 psu’s were drawn by SRSWOR
independently in each stratum. This process has been
repeated 300 times independently in each stratum. That
means, we obtained 300 samples of size 4 psu’s from
each stratum. Sub samples of size 3 ssu’s are drawn by
SRSWOR from each sample of psu’s in each stratum.
The values of y and x in sub samples were used to
compute the population mean. In this process, we get
300 estimates of &, fye and t,, from 300 sub
samples in each stratum. Let 7, (i=1,2,3) be the estimate
of the population mean based on usual estimator ?y(S,)

without using auxiliary information and calibration

estimators %, and %5, from 1200 sample estimates

of strata. The true means of , for the populations- I, II

and IIT have been computed to be 29.363, 3077.525 and
244.993 respectively. The following two criteria were
used for assessing the relative performance of these
estimators:

(i) The percent absolute relative bias (%ARB)
defined as,

i

_TJXIOO

(ii) The percent relative root mean square error
(% RRMSE) defined as,

%ARB(T) = ;[i

i=1

A 2
A S '
%RRMSE@) = | =3 | T-T | «100
s&lT

where S is the number of simulation. R-software
was used for simulation study.

The coefficient of correlation between y and x for
each population using 284 municipal data has been
computed. The results are as follows:

Population I: r, = 0.9984, Population II: r,, =
0.9401, Population III: r,, =0.9358

The percent absolute relative bias (%ARB) and the
percent relative root mean square error (%oRRMSE)

of estimators have been computed for each of the
population. The results are presented in the Table 2.

Table 2. Percent absolute relative bias (%ARB) and percent
relative root mean square error (Y%oRRMSE) of estimators in
different populations

Population-I Population-II Population-III

Estimators

%ARB | %RRMSE | %ARB | %RRMSE | %ARB | %RRMSE
= * 7.013 * 9.873 * 10.509
ty(SI)
2ol 0.345 0.521 1.114 1.371 1.629 1.918
ty(SI)
Fer 0.189 0.362 0.916 1.015 1.224 1.703
¥(ST)

* Unbiased estimator.

It is evident from the results of the Table-2 that
calibration approach based estimation of the population
mean of'y has outperformed the usual estimator without
using the auxiliary information in terms of the percent
relative root mean square error (%RRMSE) in all the

populations. Among the calibration estimators, tj;;,)

was found to be the best as it has lowest % RRMSE of
0.362, 1.015 and 1.703 percent, respectively, in the
three populations. The percent relative bias has been
found to be within the range of below about 1.63 percent
for all the calibrated estimators in all the populations.
The results of the Table 2 also reveal interesting findings
that the larger is the correlation of coefficient between
y and x, the larger is the precision of the calibration
estimators in terms of % RRMSE. Therefore, the
overall results of the simulation studies show that the
calibration approach based estimation of population
mean in two-stage stratified random sampling has
brought out considerable improvement in the precision
of the estimates.

6. CONCLUDING REMARKS

If the auxiliary information is available at the
element level, then the calibration approach based
estimation can bring out significant improvement in the
precision of the estimate of population mean in two-
stage stratified random sampling. It may be mentioned

c2

that the calibration estimator tiy(s,) has been found better

than the calibration estimator £, .
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