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SUMMARY

Bayesian design approaches leverage prior information about unknown parameters to improve the efficiency of experimental designs. In this study,
we propose two algorithms for deriving Bayesian A-optimal designs for Gamma and Poisson regression models involving two explanatory factors.
The experimental region is assumed to be a unit rectangle. The present work focuses specifically on vertex-type designs, where the support points of
the initial designs are restricted to the vertices of the experimental region. Initially, the Fisher information matrix is computed based on the support
points of the proposed locally optimal designs. Subsequently, Bayesian A-optimal designs are determined by incorporating prior distributions-namely,
Uniform, Normal, Beta, and Gamma-on the unknown parameters. The corresponding optimal weights for each design are computed using MATLAB.
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0. Dr. Manindra Nath Das: A Tribute to a Visionary Statistician

Dr. Manindra Nath Das, a renowned statistician, was born on February 1, 1923, in Khalishpur, District Khulna, Bangladesh. He passed away
on January 9, 2012, leaving behind a profound legacy in the field of statistics. His birth centenary was commemorated in 2023, and to honor his
memory, the Society of Statistics, Computer and Applications (SSCA) organized a special online session, inviting Dr. Das s students and their students
to participate. This event coincided with the silver jubilee of SSCA's founding, adding further significance to the occasion. SSCA also published a
special issue of its journal Statistics and Applications (S&A) in 2013 [Volume 11, Issues 1 & 2 (New Series)], as a tribute to a legendary statistician.

Dr. Das made pioneering contributions to several areas of statistics, particularly in the design and analysis of experiments. His work displayed
remarkable depth and versatility, often addressing challenging problems with innovative solutions. One of his early achievements involved reinforced
incomplete block designs, which later proved crucial for control-test comparison experiments. In 1960, he introduced a new class of designs known
as circular designs, closely related to cyclic designs. Another of his major contributions was the development of a unified method for constructing
confounded designs for asymmetrical factorial experiments. This influential work was followed by numerous widely cited papers in the area. He also
developed methods for constructing designs to fit response surfaces, demonstrating how second- and third- order rotatable designs could be obtained
using balanced incomplete block designs. His concept of modified rotatable designs found several applications in agricultural experiments.

Dr: Das also made important contributions to the construction of incomplete block designs for biological assays-now considered a classic in the field-
and to the design of experiments involving mixtures. His deep understanding of statistical design was complemented by his strong intuitive insights,
which often guided him to breakthroughs long before formal algebraic proofs were established.

He co-authored several well-regarded books, including the widely used Design and Analysis of Experiments, written with N.C. Giri. This text remains
a standard reference in Indian universities.

In addition to his academic contributions, Dr. Das was the founder of the Society of Statistics, Computer and Applications (SSCA). He also initiated
the journal Statistics and Applications and served as its Chair Editor. Through his unwavering dedication, he nurtured both the SSCA and its journal,
helping them gain international recognition and respect.

Dr. M.N. Das's intellectual brilliance, deep intuition, and lifelong passion for statistics and computer applications continue to inspire generations of
statisticians. His legacy endures in the many students he mentored, the institutions he helped shape, and the enduring relevance of his work.
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1. INTRODUCTION

The generalized linear model (GLM) extends the
ordinary linear regression framework to accommodate
both continuous and discrete response variables.
Introduced by Nelder and Wedderburn (1972), the
GLM allows observations from one-parameter
exponential family distributions to be related to a set
of explanatory variables through appropriate link
functions. Models such as Poisson, Gamma, and
Logistic regression models represent specific cases
within the framework of generalized linear models
(GLMs). Due to their flexibility and broad applicability,
GLMs have proven to be highly valuable across a
wide range of disciplines, including social sciences,
agriculture, educational research, insurance, industrial
applications, pharmaceutical sciences, and chemical
sciences. For further details and applications, readers
are referred to the works of Walker and Duncan (1967),
Myers and Montgomery (1997), and Goldburd et al.
(2016), among others.

The fundamental goal of optimal design theory
is to develop experimental designs that maximize
information efficiency based on a chosen optimality
criterion, thereby ensuring that the predicted response
closely approximates the true mean response over a
specified region of interest. The strategic selection of
design points enables experimenters to utilize available
resources more effectively, reduce overall costs, and
adhere to time constraints.

A central concept in optimal design theory is
the Fisher information matrix, which serves as the
foundation for deriving optimal designs. In the context
of GLMs, the Fisher information matrix is a function of
the model parameters. Consequently, optimal designs
cannot be determined without some prior knowledge of
these parameters. One commonly adopted strategy to
address this challenge is the local optimality approach,
originally proposed by Chernoff (1953). This method
involves deriving an optimal design based on a
specified, fixed value of the model parameters-typically
regarded as the experimenter’s best guess.

After the pioneering work of Chernoff (1953),
several works have been published in the domain of
non-Bayesian experimental design for GLMs. The
basic concept of deriving such designs is to obtain the
locally optimum designs based on the best prediction of

the value of the associated parameters. Finney (1978),
Abdelbasit and Plackett (1983), and Meeker and Hahn
(1977) obtained non-Bayesian designs for Logistic
regression models. Gaffke et al. (2019) provided
analytical solutions to derive locally D- and A-optimal
designs for the Gamma regression models that involve
intercept terms. They also established that the derived
designs are essentially a complete class of designs. Idais
and Schwabe (2021) found locally D- and A-optimal
designs for the Gamma regression models having linear
predictors without intercept. Idais (2021) obtained D-,
A-, and Kiefer’s @, -criteria optimality for vertex-type
designs in GLMs. Recently, Panda and Biswal (2025a),
Panda ef al. (2025) obtained locally R-optimal designs
for both Logistic and Gamma regression models.
In another recent study, Panda and Biswal (2025b)
developed locally A-optimal designs for a two-variable
Logistic regression model with positive parameters,
considering a restricted design space.

In many real-world problems, prior information
is often available in the form of historical data, expert
opinions, and other relevant sources. The fundamental
concept behind the construction of Bayesian optimal
designs is the use of a prior distribution on the unknown
parameters. ByadoptingaBayesiandecision framework,
all available information can be effectively utilized to
develop an improved design. Chaloner and Verdinelli
(1995) provided a comprehensive review of Bayesian
experimental design. More general experimental
designs, including Bayesian optimal designs for GLMs,
were discussed by Khuri et al. (2006). For further
insights into recent advancements in Bayesian optimal
designs, readers may refer to the works of Holling and
Schwabe (2011) and Ryan et al. (2015). A significant
challenge in constructing Bayesian optimal designs is
the development of efficient computational algorithms.
Although several studies [e.g., Abebe et al. (2014),
Chaloner and Larntz (1989)] have addressed this issue,
it remains insufficiently explored in the literature.

The motivation of this study is to develop Bayesian
A-optimal designs for Gamma and Poisson regression
models, each involving three unknown parameters,
using two distinct algorithms. To this end, we consider
the support points of the local A-optimal designs
for these models as presented by Idais and Schwabe
(2021) (pg 1890-1894). Within the context of the
Bayesian decision framework, we assume a range of
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priors for the unknown parameters: Uniform, Gamma,
Beta, and Normal priors for the Gammar egression
model, and a Gamma prior for the Poisson regression
model. Furthermore, we demonstrate that the proposed
Bayesian A-optimal designs offer superior efficiency
when compared to the locally A-optimal designs
previously discussed by Idais (2021).

The remainder of the article is organized is as
follows. Section 2 provides the GLMs and A-optimal
design. In Section 3, we obtain Bayesian A-optimal
designs for the Gamma regression model. Section 4
provides the Bayesian A-optimal designs for the Poisson
regression model. Design efficiency is discussed in
Section 5. Finally, the article is concluded with some
conclusions in Section 6.

2. GENERALIZED LINEAR MODELS AND
A-OPTIMAL DESIGN

In this section, we first introduce the framework
of GLMs, followed by a definition of the A-optimal
design, which forms the basis for the main theoretical
results.

Let Y denote a univariate response variable. We
assume that the distribution of ¥ belongs to the one-
parameter exponential family, characterized by the
probability density (or mass) function of the form

p(y:¢)=exp(yp—m(4)+n(y)) (1)
where m() , n() are the known functions and ¢ is the
canonical parameter. In the context of GLMs, each
response variable Y is observed for a statistical unit at
a given value of a covariate X = (x] 1 Xp5e0s Xy ) vector
where x lies within a specified region Q< R?,g>1.
The canonical parameter ¢ =¢@(x, ) varies with the
covariate values x , while the parameter vector f € R?
remains fixed. The expected value (mean) of the
response Y is given by E(Y)=u(x,B)=m'(4) and
the variance function V(,U(X,ﬂ)) = m"(¢) . For a more
comprehensive discussion, refer to the work of
McCullagh and Nelder (1989).

Let g(x):Q— R’ denote a vector of continuous
and linearly independent functions.The linear predictor
is defined as 7=g'(x)B, where B is the parameter

vector. In GLM framework, the predictor is related to
mean response via a differentiable, one-to-one link

function f, such that 7=/ (ﬂ(xaﬂ )) The intensity

or weight function at a point x € (2 is expressed as

A(x.8)=V" (u(x, ﬂ))(%,;ﬂ)] 2)

du(x, B) _ 1 _ _
where dn f’(u(x,ﬂ))' Since the link

function f is differentiable and monotonic, it follows

that A(x,8)>0, forall x€Q. This function captures

the marginal contribution of each design point to the
overall Fisher information matrix. The Fisher
information matrix at each design point xeQ is
denoted by

M(x.B)=2(x.8)g(x)g'(x). 3)
Additional information is available in Atkinson
and Woods (2015) and Fedorov and Leonov (2013).

Let us consider an approximate (continuous) design
defined by

£ X, .. X,
w e w,
that consists of ‘s’ number of distinct support points
X,X,,....,x, €Q and associated positive weights

Wi Wyserow, >0, i=12,..,5 such that 2 W =1 [see
i=1

Silvey (1980)]. The Fisher information matrix

corresponding to the continuous design & , as defined
in Equation (3), is denoted by:

S

M(S.P) =£M(x,ﬂ)§(dx)=ZmM(xu ) @

i=1

The definition of A-optimal design is presented
below.

Definition 1: Let = denotes the set of continuous
designs. A design & €= with an information matrix
M(E") of the form given in Equation (4) is called
A-optimal design if

minTr(M (&) =Tr(M (&),

[4=5)
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Here Tr(M - (5)) denote the trace of the inverse of

the Fisher information matrix.

We consider both Gamma and Poisson regression
models involving two factors with linear predictor in
the following form:

ﬂ(x:ﬂ) =B+ Bx + Box, Q)
By, B.B, are the

corresponding to the intercept and the two factors x,

where model  parameters

and x,, respectively.

Definition 2: A design & for the above-mentioned

two-factor model is defined as Bayesian A-optimal if it
minimizes the expected trace of the inverse of the
information matrix with respect to the prior distribution
ie.

§' =argmin [[[re(M(£))x(B,)7(B)7(B.)dpdBdB,,

BB B,
forall £eE. (6)
Here 7(,)7 ()7 (/,) . denote the prior distributions
of B,,p,, respectively.

In the next section, we discuss the computation of
Bayesian A-optimal designs for a Gamma regression
model involving two factors.

3. BAYESIAN A-OPTIMAL DESIGNS FOR
GAMMA REGRESSION MODEL
The Gamma regression model is characterized by
g (x)B=x/A(x,B) with
/I(X,,B) = (g'(x)ﬂ)i2 . In this context, it is assumed
that the shape parameter x>0 and g'(x)8 >0 for all

intensity  function

x€Q  We assume that the experimental region be
Q=[O,1]2. In this case, the optimal designs are
supported solely at the vertices of the square design
region, specifically at points xl* =(O, O])' , x; = (1,0])' ,
x; =(0,1)', x, =(1,1), . The corresponding intensity
functions at these points are denoted by A, =f,7,
=B+ B =B+ B =B+ B+ B)”
respectively [see Idais (2021)].

We propose an algorithmic framework i.e.,
Algorithm 1 for the computation of Bayesian

A-optimal designs under this prior specification.
The analysis considers a range of prior distributions
for the parameters, including Uniform, Gamma,
Beta, and Normal distributions, among others. These
distributions are denoted by U(., .), G(., .), B(., .), and
MN(., .) respectively.

Algorithm 1

Step 1. Input the guess values of B, 5,5, .
Step2. Find the values of A4,4,,4,,4, where

1 1 1
A, Rr—— Ae———
f (B+h) (Bo+Ba)
B 1

B+ B+ Bo) -

Step3. Define the two-dimensional point

x =(0,0), x;=(1,0), x; =(0,1), x;=(11).

Step 4. Choose three points from the points
specified in step 3 by considering the following

thumb rule [Idais (2021), pg. 1890] and name them
2152535 -

(a) Choose x,,x,,x; if B — B, <0

(b) Choose x;,x;,x; if (B, + /) + BB, <0

(c) Choose x.,x.,x. if (B, +/) +BS, <0

(d) Choose x;,x,,x, if

By + B+ B+ BB +2B,(B + ) <0

(e) Otherwise choose X;,X,,X;,Xx, (name them

2, %y, 23, and z,).
Step 5. Find trace of the matrix M~ (&) i.e.
Tr(M™' (c";)) for the chosen points z,, i=1,2,3,4 as
the case from step 4 (ref. Appendix II) at the guess

values of B, B, B,.

Step 6. Evaluate the function corresponding to the
multiple integral

w(&)= [ [Te(M7 ()2 (8,)7(8)7(8,)dBdBdB,

Bo i
when all three prior distributions are of the same type
(i.e. Uniform, Normal, Gamma, and Beta) distributions.

Step 7. Obtain the numerical values of optimal
weights w/,w,,and w, by minimizing the function
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‘//(5 ) w.r.t w, w,, w, . For case (e) in Step 4: compute
w, as w, =1 — (W +w, +w,).
The next section discusses the computation of

Bayesian A-optimal designs for a Poisson regression
model that includes two factors.

4. BAYESIAN A-OPTIMAL DESIGNS FOR
POISSON REGRESSION MODEL

The Poisson regression model is characterized
by g'(x)B=log(A(x,B)) with intensity function

_ (& (x)p)
i(x,,B ) -¢ . In this context, it is assumed that

g’(x),B >0 for all x €. Here also we assume that

the experimental region be Q= [0,1]2 . In this case,

the optimal designs are supported solely at the
vertices of the square design region, specifically at

points x; =(0,0), x; =(1,0), x; =(0,1), x; =(1,1) .
The corresponding intensity functions at these
points are denoted by A =e’, A, =)
A= Pt g = AR pespectively [ref. Idais
(2021)].

To derive Bayesian A-optimal designs for the
Poisson regression model, we present Algorithm 2.
In this framework, Gamma prior distributions are
assumed for all unknown parameters. Algorithm 2 is
developed based on Algorithm 1, with the following
modifications.

Algorithm 2

Replace Steps 2, 4, and 6 in Algorithm 1 by the
following steps:

Step 2. Find the values of A,,4,,4,,4, where
ﬂ'] — eﬂo , iz — e(ﬂo*ﬁl) , ﬁ'} :e(ﬂ0+ﬁ2) . /14 :e(ﬁ()*ﬂl*ﬁz) .

Step 4. Choose three points from the points
specified in step 3 by following thumb rule (ref:
pg. 1894, Idais (2021)] and name them z,,z,,2;:

(a) Choose x;,x,,x, if

2 (2B+5,) 2h+h)
e'ﬂ‘+e_ﬁ2+e_(ﬂ‘+ﬂ2)+2\/;e 2 4+e 2 -1<20

(b) Choose x;,x,,x, if

Pt 4 AP 4 JARIY) +\/§e(ﬂ‘/27ﬂ2) —-1<0

* * %,
(c) Choose x;,x;,x, if

e’ v 4 PP 4 PA) +\/§e(ﬁ2/2_ﬂ‘) —-1<0
(d) Choose x,,x;,x, if

eﬁ] +eﬁ2 +e(ﬂ1+ﬁz)+2\/ge(ﬂz+ﬂl/2)+e(ﬁl+ﬂz/2)_lgo

(e) Otherwise choose X, ,X,,x;,x, (name them
z]a zza z35 and z4)'
Step 6. Obtain the function

w (&)= [[[rr(M™(£))7(8,)7(B)7(B.)dBd BB,

Po B B>

when all three prior distributions are of the same
type (i.e. Gamma) distributions.

Remark: In this study, the Gamma prior was selected
for constructing Bayesian A-optimal designs within
the Poisson regression framework, primarily due to its
conjugacy and computational efficiency. This choice
enables analytical simplification, particularly in the
computation of the expected Fisher information matrix.
However, the use of a Gamma prior does not constitute
a fundamental restriction. Bayesian A-optimal designs
can likewise be developed under alternative, potentially
non-conjugate priors such as the log-normal or normal
distributions. While these alternatives may offer greater
modeling flexibility, they typically involve increased
computational demands, making their integration a
compelling direction for future research.

5. DESIGN EFFICIENCY

To evaluate the performance of the Bayesian
A-optimal design relative to the locally A-optimal
design for both regression models, we compute the
A-efficiency using the following formula:

Tr(M7(&,)) ;.
Tr(M_l( :’ayes))

Here, Tr(Mil(gA)) and Tr(Mfl( f“y“)) the

trace of the locally A-optimal design (§ y ) and Bayesian

A —efficiency =

A-optimal design (655 ayes) respectively. The parameter

p corresponds to the number of unknown parameters in
the regression model. The computed A-efficiency
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values are presented in Tables 21-24 in Appendix [. An
A-efficiency value close to 1 indicates that the design
performs well with respect to the A-optimality criterion.
The results in the aforementioned tables demonstrate
that the Bayesian A-optimal designs consistently out
perform the locally A-optimal designs in terms of
efficiency.

6. CONCLUSION

In this study, Bayesian A-optimal designs are
developed for three-parameter Gamma and Poisson
regression models employing appropriate link
functions. The designs are constructed by formulating
and solving a nonlinear optimization problem under
various prior distributions on the model parameters. The
support points of the corresponding locally A-optimal
designs are utilized as a basis for the Bayesian design
construction. A comparative analysis demonstrates that
Bayesian A-optimal designs consistently outperform
their locally A-optimal counterparts, particularly
with respect to overall efficiency. These findings
underscore the practical benefits of incorporating prior
information via Bayesian design criteria in generalized
linear models, thereby reinforcing their applicability in
scenarios where prior knowledge of model parameters
is available.

ThefocusonBayesianA-optimal designs forGamma
and Poisson regression models with two explanatory
variables is driven by computational tractability and
interpretability. As model dimensionality increases,
integrating over priors and optimizing complex criteria
becomes significantly more challenging. Restricting
the design space enables clearer insight and avoids the
computational burden of high-dimensional problems.
While extension to higher dimensions is theoretically
possible, it entails substantial computational effort and
remains a topic for future research.
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, ) ) ) 2 | 2| 2 20| 2 | 2 | 03604 | 02411 | 03984

Table 2. Bayesian A-optimal design for Gamma regression model,

[Support points (0, 0), (1, 0), (0, 1) and 2 2 2 30 2 2 0.3642 | 0.2329 | 0.4027
By ~N(1,0,).8 ~N(1,,0,),8 ~N(1,04) 1 2| 2| 2 |50 ] 2 | 2 |03675| 02261 | 0.4063
2 2 2 2 2 5 0.3352 | 0.3706 | 0.2941

M| O | B | Oy | K 0, W W, W,
2 2 2 2 2 10 | 0.3502 | 0.3872 | 0.2624
1 15 10 15 10 25 1 0.3210 | 0.2946 | 0.3842 ) > ) ) 10 ) 02829 | 03127 | 04043
3 10 5 15 10 30 | 0.2511 | 0.2739 | 0.4748 5 5 5 5 15 5 02790 | 03084 | 04124
2| 5 | 3 |10 ] 5 | 15 [02399 | 03151 | 0.4448 > 1 21 21 21 2 130 03642 | 04072 | 02320
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Table 4. Baye[ssian A-optimal Zigsi)%n(tioro()}a(rgnﬁ regaression model 0 1 0 1 0 | 100 | 00133 | 00250 | 09615
upport points an
0 1 0 1 0 | 500 | 0.0027 | 0.0052 | 0.9919
By ~G(a,6,). ~G(e,,6,), 8, ~ G(e3,6; ) ]
0 1 0 1 0 | 1000 | 0.0014 | 0.0026 | 0.9959
o | 6 | a | 6 | a | O w W, Wy 20 | 50 | 60 | 90 |100| 120 | 0.1191 | 03657 | 0.5150
2| 2 2 2 2 2 | 03217 | 03391 | 0.3391 . . . .
3 5 5 5 5 5 03995 | 03002 1 03002 Table 6. Bayesian A-optimal design for Gamma regression model
' ’ ’ [Support points (0, 0), (1, 0), (1, 1) and
2 10| 2 2 2 2 | 04310 | 0.2844 | 0.2844 By~ N(14,0), 8~ N(11,0,), 8 ~ N(p15,5,) ]
3015 3 3 3 3| 04279 | 0.2860 | 0.2860
3 |20 3 3 3 3 0.4367 | 0.2816 | 0.2816 M| O | Ho | O | M op w W, w;
5 2 3 3 3 3 | 03195 | 03402 | 0.3402 15| 21]10] 3 15 | 0.1668 | 03787 | 0.4544
10 | 2 3 3 3 3 ] 03761 | 03119 | 03119 2 | 4 3 5 4 6 | 02081 | 03781 | 0.4137
B3] 2 ]2 2 | 2 |04438 | 02780 | 0.2780 20 5| 4| 8| 3 | 5 |02036 | 04228 | 03734
20 ) 3] 3 | 3] 3 | 3 ]04303 ] 02848 | 02848 310 5 [ 15] 10] 12 | 02084 | 03938 | 03976
L 2 > 2 2 | 02543 | 04776 | 0.2680 501 10| 2 15 3| 01224 | 03641 | 0.5133
2 | 2 2 | 10| 2 2 | 01867 | 0.6163 | 0.1968
4 | 21 5 3 6 4 | 0.1758 | 03811 | 0.4430
2 | 2 2 |20 | 2 2 | 01215 | 0.7503 | 0.1281
5 2| 8 4 5 3| 01661 | 0.4240 | 0.4098
2 | 2 5 2 2 2 | 02619 | 0.4619 | 0.2760
03|15 5 12 | 10 | 0.1643 | 04041 | 04315
2 | 2] 10 | 2 2 2 | 02008 | 0.5890 | 0.2190
T2 T 20 12 5 > To o707 To1aa2 1020 | 15 | 50 | 20 | 80 | 0.1424 | 0.3782 | 0.4793
> 12 5 > > s | 02513 | 02680 | 04776 15 25| 20 | 40 | 30 | 60 | 0.1836 | 0.3699 | 0.4464
> | 2 N ) 5 > | 02619 | 02760 | 04619 30| 45| 50 | 60 | 65 | 75 | 0.1859 | 0.3771 | 0.4368
2 2 2 2 2 10 0.1867 0.1968 | 0.6163 40 50 100 | 200 | 250 300 | 0.0927 | 0.3609 0.5463
2 | 2 2 2 | 10 | 2 | 02000 | 02109 | 0.5890 50 | 40 | 120 | 150 | 150 | 180 | 0.1111 | 0.3996 | 0.4892
2 | 2 2 2 2 20 | 0.1215 | 0.1281 | 0.7503 1051|2010/ 3 15 | 0.1596 | 0.4572 | 0.3830
2 |14 3 | 15| 4 16 | 0.1183 | 0.4316 | 0.4499
Table 5. Bayesian A-optimal design for Gamma regression model > T100 1 5 T1s0 1 10 | 120 102302 | 04156 | 03539
[Support points (0, 0), (1, 0), (1, 1) and : : :
By ~U(a,b),p,~U(c,d),p,~U(e,f)] 12115 | 18 | 30 | 40 | 45 | 0.1504 | 0.3525 | 0.4969
60 | 65 | -62 | 68 | -70 | 75 | 0.2196 | 0.3825 | 0.3978
al b |c| d|e| f w w, w,
2120 15 | <18 | 20 | <15 | 20 | 0.1974 | 0.4013 | 0.4013
0] 1 o | 1 |0 1 |0208 | 0381 | 04028 s 10| 15| 20 | 25 | 30 | 01742 | 03816 | 0.4441
0] 100 1 0 1 | 03455 | 03721 | 0.2823
0 20 0 1 0 1 0.3572 | 0.3708 | 0.2319 Table 7. Bayesian A-optimal design for Gamma regression model
050 o 1 [ o] 1 [o03644 | 0369 | 02655 P [S“I(’port ];";“S © (O) a, )O)ﬂ(l 1)(and b))
a a,, as,
0 |100] 0] 1 | 0| 1 |03669 | 03696 | 02633 ! 10)-A 26 )y .
0 | 50 | 0 1 0 1 | 03689 | 0.3694 | 0.2616 a | b | a | b | a | b w, w, Wy
0 [ 1000 0 1 0 1 | 03691 | 03694 | 02614 5 5 5 5 5 s | 0.1992 | 03900 | 04107
0 ! R I ! | 00501 | 05401 | 0.4097 5 110 | 5 5 5 5 | 0.1631 | 03945 | 0.4422
0 1 02 |0 1 | 00270 | 05613 | 0.4116
5 15 | s 5 5 5 | 0.0659 | 0.4084 | 0.5256
0 1 0] 5|0 1 | 00113 | 05755 | 0.4103
5 | 100 | 5 5 5 5 | 0.0377 | 0.4129 | 0.5493
0 1 0 | 100 | 0 1| 0.0057 | 0.5866 | 0.4136
10| 5 5 5 5 5 | 02219 | 03875 | 0.3904
0 1 0 [500 | 0 1 | 0.0011 | 0.5847 | 0.4140
50 | 5 5 5 5 5 | 0.2468 | 0.3845 | 0.3685
0 1 0 | 1000 | 0 1 | 0.0005 | 0.5852 | 0.4141
5 . 5 . o 1 10 100905 | 01692 | 07399 100 | 5 5 5 5 5 | 02505 | 0.3841 | 0.3653
o 1t [ o] 1t [ o] 20 |o00s52] 01033 | 08413 S |3 | 3] 5 | 5 |02235]03660 | 04103
0| 1 o] 1 | 0] 50 |00254 00476 | 09269 S |3 |3 [0 5 | 5 | 02720 | 03182 ] 0.409
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5 15 | 5 |100| 5 | 5 |02827 03077 | 0.4094 0201 o 1 0 1 | 03572 | 0.3708 | 0.2719
s | s 10| 5 | 5 | 5 |01803 | 0408 | 04113 0|40 | 0 1 0 1 | 03632 | 03701 | 0.2666
5 | 5 |50 | 5 | 5 | 5 |0158 | 04297 | 04118 0|60 | 0 1 0 1 | 03653 | 03698 | 0.2648
5 5 100 5 5 5 | 0.1549 | 0.4331 | 0.4119 0 120 0 1 0 1 0.3673 | 0.3696 | 0.2630
5 5 5 5 5 | 10 | 0.2086 | 0.4084 | 0.3828 0 1200 0 1 0 1| 0.3681 | 0.3695 | 0.2622
s | 5 | 5 | 5 | 5 | 20| 02168 | 04245 | 03585 o 1|0 10| 0 1 | 0.0905 | 0.1694 | 0.7399
515 | 5| 5 | 5 |50 |02240 | 04386. | 03373 O |02 0 | I J00552)01033 | 08413
s | s | s | s | 5 |100] 02209 | 04443 | 03286 O rjpoqj4p 0 1 ] 0.0310 | 0.0580 | 0.9190
s | s | s s 10| s [o198]03737] 04353 O rjpojeojo I | 00215 | 0.0403 | 0.9380
s 15 15 1 5 20 5 lorsa | 03616 | 0as3 o 1| o0 |120] 0 1 | 00112 | 0.0210 | 0.9676
515 | 5| 5 [100] 5 |01780 | 03485 | 0.4734 O Lo j20] 0 1| 0-0068 | 0.0128 | 0.9802
o 1| o0 1 0 10 | 0.0501 | 0.5401 | 0.4097
Table 8. Bayesian A-optimal design for Gamma regression model 0 1 0 1 0 20 | 0.0270 | 0.5613 | 0.4116
[Support points (0, 0), (1, 0), (1, 1) and ol 1t [ o] 1] o] 40 [o0140] 05731 04128
b~ Gle8). i~ G(e,0,). B, ~ G, 0)] ol 1] o0 |1 0 | 60 | 00095 | 05772 | 0.4132
a |6 |a | 6 | a | & w, w, w, o 1| o0 1 0 | 120 | 0.0048 | 0.5814 | 0.4137
>l 2 | 2 | 2 5 2 | 02129 | 03887 | 03983 0| 1] o0 1 0 | 200 | 0.0029 | 0.5831 | 0.4139
51 s | 2 | 2 ) 2 | 02905 | 03781 | 03313 10|20 | 30 | 40 | 50 | 60 | 0.0956 | 0.4389 | 0.4653
2110 2 | 2 2 2| 03270 | 0.3740 | 0.2987 i . . )
Table 10. Bayesian A-optimal design for Gamma regression
2 20 2 2 2 2 0.3477 | 0.3718 | 0.2803 model [Support points (0, 0), (0, 1), (1, 1) and
512|212 2 202789 | 03804 | 0.3459 By~ N(1,6,),8 ~N(11,0,), 8, ~ N(p5,0%) 1
02212 2 2| 03156 | 0.3759 | 0.3084
20| 22 2] 2| 2 [03398] 03729 | 02871 il Il N INE Nl INEE B " "
P I B e 5 > To1207 [oas79 oo 1 50 5 | 2 | 10 | 15 | 0.1264 | 0.4776 | 0.3959
T3 T2 0 T Toosse [ os06e | oa0ae 5 | 55 | 54 | 27 | 120 | 159 | 0.1256 | 0.4768 | 0.3975
T2 12 120 1 2 > 00506 0542 | 04081 2 |10 | 5 | 20| 10 | 30 | 0.1395 | 0.4628 | 03976
ST s 13 5 T Tota1 [ oaaos | oa0a1 5 8 | 10 | 15 | 20 | 25 | 0.0212 | 05717 | 0.4069
ST 10 1 2 5 > 00972 Noa955 | 02068 8 | 13| 15 | 18 | 33 | 35 | 0.1272 | 0.4621 | 0.4106
T3 T30 1 3 T 100579 T05322 | 02098 10 | 15 | 12 | 19 | 20 | 23 | 0.1865 | 0.4208 | 0.3926
P R B 5 s Tot7el 03216 | 05001 20 | 25 | 22 | 28 | 40 | 45 | 0.1771 | 0.4374 | 03853
P R B 3 o o353 Toza70 oeive 25 | 5 | 50 | 10 | 100 | 20 | 0.0920 | 0.4573 | 0.4505
P R B 5 20 100018 101676 | 07404 50 | 15 | 100 | 75 | 35 | 25 | 0.1833 | 0.3156 | 0.5010
P R B . > To1797 Tos2sr | oa0m1 100 | 120 | 150 | 200 | 300 | 350 | 0.1311 | 0.4576 | 0.4111
T2 T2 T2 T 10 T 2 To1az | 02e0s | 03968 120 | 100 | 200 | 150 | 350 | 300 | 0.1242 | 0.4505 | 0.4251
ST 5 T2 T2 20 T 2 oo [ oises | o71ea 220 | 250 | 270 | 290 | 300 | 330 | 0.2005 | 0.4002 | 0.3992
T2 T2 T2 T30 T 2 Toomsz [o1as | 0778 50 | 175 | 120 | 150 | 180 | 200 | 0.2111 | 0.4078 | 0.3809

Table 9. Bayesian A-optimal design for Gamma regression model

[Support points (0, 0), (0, 1), (1, 1) and
By ~U(a,b),B~U(c,d),B,~U(e, f)]

425 | 450 | 350 | 360 | 370 | 390 | 0.2418 | 0.3880 | 0.3701

-20 | 50 | -50 | 120 | -12 | 50 | 0.2191 | 0.3158 | 0.4650

-50 | 150 | -60 | 150 | -18 | 35 | 0.3140 | 0.3344 | 0.3514

-65 | 250 | -70 | 190 | -19 | 60 | 0.3093 | 0.3595 | 0.3310

=70 | 120 | -80 | 200 | -25 | 70 | 0.2675 | 0.3291 | 0.4083

10 50 | 100 | 500 | 150 | 400 | 0.0512 | 0.4479 | 0.5008

a b c d e f w W, W
0 1 0 1 0 1 0.2080 | 0.3891 0.4028
0 10 0 1 0 1 0.3455 | 0.3721 0.2823

25 50 75 | 100 | 125 | 150 | 0.1164 | 0.4533 | 0.4303
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Table 11. Bayesian A-optimal design for Gamma regression model

[Support points (0, 0), (0, 1), (1, 1) and

3 3 3 3 3 10 0.1156 | 0.4785 | 0.4057
3 3 3 3 3 20 0.0700 | 0.5216 | 0.4083
3 3 3 3 5 3 0.1725 | 0.4227 | 0.4047
3 3 3 3 10 3 0.1210 | 0.4714 | 0.4075
3 3 3 3 20 3 0.0758 | 0.5141 | 0.4100
3 3 3 3 40 3 0.0275 | 0.5598 | 0.4126

Table 13. Bayesian A-optimal design for Gamma regression
model [Support points (1, 0), (0, 1), (1, 1) and

,BO~U(a,b),/5'1 ~U(c,d),ﬁ2~U(e,f)]

By~ (a17 1) B~ (aza 2) B, ~ (az’ )]

a | b | ay | b a3 b W W, W

3 3 3 3 3 3 0.2013 | 0.3898 | 0.4088
3 6 3 3 3 3 0.1659 | 0.3942 | 0.4397
3 10 3 3 3 3 0.1341 | 0.3987 | 0.4671
3 20 3 3 3 3 0.0903 | 0.4054 | 0.5041
3 50 3 3 3 3 0.0454 | 0.4132 | 0.5412
6 3 3 3 3 3 0.2223 | 0.3876 | 0.3899
10 3 3 3 3 3 0.2332 | 0.3864 | 0.3803
20 3 3 3 3 3 0.2427 | 0.3852 | 0.3719
50 3 3 3 3 3 0.2492 | 0.3844 | 03663.
3 3 3 10 3 3 0.2169 | 0.4201 | 0.3629
3 3 3 50 3 3 0.2283 | 0.4422 | 0.3293
3 3 3 100 3 3 0.2302 | 0.4458 | 0.3238
3 3 10 3 3 3 0.1883 | 0.3648 | 0.4468
3 3 50 3 3 3 0.1807 | 0.3500 | 0.4691
3 3 100 3 3 3 0.1796 | 0.3478 | 0.4725
3 3 3 3 3 10 0.2438 | 0.3481 | 0.4079
3 3 3 3 3 50 0.2821 | 0.3107 | 0.4070
3 3 3 3 50 3 0.1582 | 0.4310 | 0.4107
3 3 3 3 10 3 0.1729 | 0.4168 | 0.4102
3 3 3 3 100 3 0.1561 | 0.4331 | 0.4107

Table 12. Bayesian A-optimal design for Gamma regression
model [Support points (0, 0), (0, 1), (1, 1) and

a b c d e | f w, w, w,

0 1 0 1 0 1 0.2636 | 0.2636 | 0.4726
0 10 0 1 0 1 0.3017 | 0.3017 | 0.3964
0 20 0 1 0 1 0.3058 | 0.3058 | 0.3883
0 50 0 1 0 1 0.3083 | 0.3083 0.3832
0 100 0 1 0 1 0.3092 | 0.3092 | 0.3815
0 500 0 1 0 1 0.3099 | 0.3099 | 0.3801
0 | 1000 0 1 0 1 0.3100 | 0.3100 | 0.3799
0 1 0 10 0 1 0.4019 | 0.0698 | 0.5281
0 1 0 20 0 1 0.4236 | 0.0381 0.5381
0 1 0 50 0 1 0.4386 | 0.0161 0.5452
0 1 0 100 0 1 0.4439 | 0.0082 | 0.5478
0 1 0 500 0 1 0.4483 | 0.0016 | 0.5499
0 1 0 1000 | 0O 1 0.4489 | 0.0008 | 0.5502
0 1 0 1 0 10 0.0698 | 0.4019 | 0.5281
0 1 0 1 0 20 0.0381 | 0.4236 | 0.5381
0 1 0 1 0 50 0.0161 | 0.4386 | 0.5452
0 1 0 1 0 100 | 0.0082 | 0.4439 | 0.5478
0 1 0 1 0 500 | 0.0016 | 0.4483 0.5499
0 1 0 1 0 1000 | 0.0008 | 0.4489 | 0.5502
30 50 60 90 | 100 | 1500 | 0.2004 | 0.2877 | 0.5117

Table 14. Bayesian A-optimal design for Gamma regression
model [Support points (1, 0), (0, 1), (1, 1) and

B NN(/”I’O-I)’ﬂl ~N(luzao-z)aﬂz ~N(/U3’O-3)]

H | O | B | Oy | K5 | Oy W W, W,

2 5 3 10 4 20 | 0.1917 | 0.3361 | 0.4720

3 15 2 5 4 30 | 0.1767 | 0.3652 | 0.4580

6 40 7 50 8 90 | 0.2159 | 0.3288 | 0.4551

20 30 40 50 60 70 | 0.2209 | 0.2917 | 0.4873

80 90 | 100 | 120 | 130 | 140 | 0.2946 | 0.2798 | 0.4754

25 50 75 | 100 | 125 | 150 | 0.2065 | 0.3000 | 0.4934

Bo~ (al’ ) B~ (0!2, ) B~ (a3, )]

o | o | a | 6 | a 0, w, w, w,

3 3 3 3 3 3 0.2080 | 0.3891 0.4028
3 5 3 3 3 3 0.2545 | 0.3827 | 0.3627
3 10 3 3 3 3 0.3036 | 0.3768 | 0.3195
3 20 3 3 3 3 0.3343 | 0.3734 | 0.2922
5 3 3 3 3 3 0.2479 | 0.3841 0.3678
10 3 3 3 3 3 0.2942 | 0.3785 | 0.3272
20 3 3 3 3 3 0.3267 | 0.3745 | 0.2986
3 3 3 5 3 3 0.1906 | 0.3566 | 0.4527
3 3 3 10 3 3 0.1567 | 0.2932 | 0.5499
3 3 3 20 3 3 0.1149 | 0.2150 | 0.6699
3 3 5 3 3 3 0.1917 | 0.3586 | 0.4496
3 3 10 3 3 3 0.1603 | 0.2999 | 0.5397
3 3 20 3 3 3 0.1207 | 0.2259 | 0.6532
3 3 3 3 3 5 0.1700 | 0.4261 | 0.4038

200 | 250 | 270 | 290 | 300 | 350 | 0.2522 | 0.2744 | 0.4732
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5 2 | 10| 3 | 20| 4 |0.182 | 03016 | 05151 4 |10 4 4 4 4 | 02822 | 02822 | 0.4354
15| 3 5 2 | 30 | 4 |0.1597 | 03559 | 0.4842 4 | 15| 4 4 4 4 | 02859 | 0.2859 | 0.4208
40 | 6 50 | 7 90 | 7 | 0.2048 | 0.2950 | 0.5001 4 |30 | 4 4 4 4 1 02987 | 0.2987 | 0.4025
0| 15 | 7 | 30 | 5 | 10 | 03366 | 02099 | 0.4533 4 30 4| 4 4 4 03029 ] 03029 | 03940
20 | 30 [ 21 [ 60 [ -10 [ 20 [ 03394 [ 0.2025 | 0.4580 4ajr)p 4o 4 4 ] 03168 | 02240 | 04591
20 | 45 | -14 | 180 | -15 | 30 | 0.3842 | 0.1312 | 0.4845 414 4115 4 4 03488 | 0.1442 | 0.5069
4 | 4 4 | 30 4 4 | 03882 | 0.0885 | 0.5232
25| 60 | 28 | 90 | -20 | 40 | 03232 | 0.2281 | 0.4486
4 | 4 4 | 50 4 4 | 04093 | 0.0583 | 0.5323
20| 70 | 29 | 180 | -25 | 50 | 0.3577 | 0.1743 | 0.4679
4| 4| 10| 4 4 4 | 03176 | 0.1859 | 0.4964
15130 | 60 | 80 | 90 | 180 | 0.1773 | 0.2284 | 0.4942
4| 4| 15| 4 4 4 | 03434 | 0.1495 | 0.5070
200 | 250 | 20 | 100 | 10 | 15 | 03070 | 0.3098 | 0.3830 a2 1301 2 p 7 103527 | 00041 | 05231
250 | 240 | -40 | 50 | 20 | 40 | 0.2932 | 0.3301 | 0.3766 2| 2 |50 | a 4 2 | 04048 | 0.0630 | 0.5321
240 | 100 | -60 | 80 | 40 | 60 | 0.2615 | 0.3591 | 0.3792 4 | 4 4 4 4 10 | 01819 | 03217 | 0.4963
300 [ 350 | -90 | 100 | 50 65 | 0.2852 | 0.3388 | 0.3758 4 4 4 4 4 15 0.1442 | 0.3488 | 0.5069
4 | 4 4 4 4 30 | 0.0885 | 0.3882 | 0.5232
Table 15. Bayesian A-opti'mal design for Gamma regression 4 4 4 4 4 0 00583 | 0.4093 | 05323
model [Support points (1, 0), (0, 1), (1, 1) and
By~ B(anb). B~ B(arb,). by ~ B(as.b;)] 4 | 4 4 4 10 4 | 0.1859 | 03176 | 0.4964
1°~1 1 > )
4 | 4 4 4 15 4 | 0.1495 | 0.3434 | 0.5070
a | b | a | by | a5 | b w w, W, 4l 4] 4] 4] 30 ] 4 [00941 0387 05231
4 4 4 4 4 4 | 02617 | 02617 | 0.4765 _ . . _ _
p . p p p 7 | 02512 | 02512 | 04975 Table 17. Bayesian A-optimal design for Poisson regression model
: : : [Support points (0, 0), (1, 0), (0, 1) and
4 | 2 4 4 4 4 2431 | 0.2431 | 0.51
0 02431 | 02631 | 03137 £~ G(@.6). - G(e0.0.). , ~G(a,.0,)]
4 |50 | 4 4 4 4 | 02352 | 02352 | 0.5294
4 |100] 4 | 4] 4] 4 |o02318]02318] 05362 o | 6 | a | 6 | a5 | O w, W, W,
4 500 | 4 4 4 4 | 02287 | 02287 | 0.5424 1] 2 3 4 5 6 | 09468 | 0.0488 | 0.0042
10 4 4 4 4 4 0.2684 | 0.2684 0.4631 2 2 2 2 2 2 0.7220 | 0.1359 0.1389
20 | 4 |4 | 4 | 4 | 4 | 02714 02714 | 0.4570 2110 3 | 15| 4 20 | 0.9897 | 0.0089 | 0.0012
100 | 4 4 4 4 4 | 02743 | 02743 | 04512 2 1201 3 3 3 3 | 08738 | 0.0630 | 0.0630
00 | 4 4 4 4 4 02749 | 02749 | 0.4500 212 | 3 3 3 10 | 0.9757 | 0.0088 | 0.0151
4 4 4 |10 | 4 4 | 02355 | 0.2981 | 0.4663
50 | 20 | 2 3 5 10 | 0.8727 | 0.1259 | 0.0012
4 4 4 | 50 | 4 4 | 02013 | 03454 | 0.4531
1] 5 3 5 2 3 | 0.8448 | 0.0331 | 0.1219
4 4 4 | 100 | 4 4 | 0.1947 | 0.3547 | 0.4504
10|20 | 4 4 4 4 | 09558 | 0.0220 | 0.0220
4 4 4 500 | 4 4 | 0.1889 | 03630 | 0.4480
p ETER p 7 102509 | 02342 | 0486 3] 3 3 15 3 3 | 09249 | 0.0083 | 0.0667
" 7 |50 | 4 2 2 | 02966 | 02122 | 04910 303 3 | 50 3 3 | 09313 | 0.0014 | 0.0672
4 | 4 | 4 | 4 | 4 | 10 |02981 | 02355 | 0.4663 3333 |3 |09319] 00008 ) 00672
4 4 4 4 4 | 50 | 03454 | 02013 | 0.4531 303|153 3 3] 09326 | 0.0001 | 0.0673
4 4 4 4 | 10 0.2344 | 0.2809 | 0.4846 3|3 5 3 3 3 | 09172 | 0.0165 | 0.0661
4 4 4 4 | 50 0.2122 | 0.2966 | 0.4910 3| 3 7 4 3 3 | 09308 | 0.0019 | 0.0671
2| 2 2 2 2 3 | 0.7480 | 0.1439 | 0.1079
Table 16. Bayesian A-optimal design for Gamma regression
model [Support points (1, 0), (0, 1), (1, 1) and 2|2 2] 2] 2 | 5 |07759]01493 | 00746
By ~G(a.8)), B ~G(a,,8,), B ~ G(,8,)] 2| 2 2 2 2 10 | 0.8032 | 0.1545 | 0.0421
2| 2 2 2 3 2 | 07671 | 0.1476 | 0.0852
a |6 | a| o a; S, w W, w;
2| 2 2 2 5 2 | 0.8133 | 0.1565 | 0.0301
44141414 4 | 02629 | 02629 | 0.4740 202 2] 2] 10] 2 |08369 | 01610 | 0.0019
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Table 18. Bayesian A-optimal design for Poisson regression model 3 1 5 3 3 5 08153 1 0.1569 | 0.0277
[Support points (0, 0), (1, 0), (1, 1) and

By ~G(@,8), B~ G(@,6,), B, ~ G(3,64)]

5 1 2 1 7 1 0.8931 | 0.0789 | 0.0279
1 9 1 10 1 15 0.7672 | 0.1918 | 0.0408

a |6 | a| o a; o w W, w;
Table 20. Bayesian A-optimal design for Poisson regression model
2 2 2 2 2 0.7082 | 0.2360 0.0556 [Support points (] 0) (0 1) (] 1) and
s 2| 3 0.8078 | 0.1554 | 0.0366 By ~G(a,8), f~G(,,6,), B, ~ G(t:,6,)]
2 10| 4 6 5 10 | 09799 | 0.0199 | 0.0003
2 15| 3 10 | 10 15 | 0.9733 | 0.0266 | 0.0001 a | 6 | a | 5 | a S, " W, Ws
2| 3 5 5 5 5 | 0.9886 | 0.0112 | 0.0008 1] 1 1 1 1 | 03489 | 0.3489 | 0.3021
5 3 5 2 5 1 0.9326 | 0.0598 | 0.0074 1 5 1 3 1 10 | 0.5070 | 0.3057 | 0.1872
10 2 5 3 6 4 0.9695 | 0.0302 0.0001 1 7 1 6 1 12 0.4822 | 0.3538 0.1638
15|23 |lo] 4 10 ] 09731 | 0.0266 | 0.0001 Tl o | 1 [10] 1 15 | 04683 | 0.3883 | 0.1433
2 ]3] 41518 9 | 08225 ] 01645 | 00129 502 6 | 2| 10| 2 |08959 00995 | 00045
21312 2 | 3 [0809 01618 | 0.0286 23| 4| 5| 6 | 7 |09322]00655 | 00022
31512 2 5 | 08172 | 0.1634 | 00192 201 | 3 1 10 1 | 0.8875 | 0.0784 | 0.0339
31312 ]6]3 3 | 09363 | 0.0585 | 0.0051 st 1o 1] 20 1 [0968s| 00302/ 00011
35| 2 |2 | 3 10 | 0.9537 | 0.0454 | 0.0008 ST s 15 ; 5 5 T o201 | oater | 00637
0] 5 5 2 7 3 | 0.9394 | 0.0602 | 0.0003 ST a1 2 p 5 s 035225 | 02063 | ooomn
2 2 |1 2 2 2 994 .004 )
0 09949 | 0.0040 | 0.0009 21 3| 2 6 2 9 | 0.5487 | 0.3840 | 0.0672
51 2|5 5 5 5 | 0.9886 | 0.0112 | 0.0008
4 | 4| 4 4 4 1 | 0.1323 | 0.8271 | 0.0405
3 4| 2 6 7 10 | 0.8749 | 0.1249 | 0.0002
1] 4] 4 1 4 4 | 08271 | 0.1323 | 0.0405
3 5| 2 6 2 5 | 08622 | 0.1231 | 0.0145
415 | 4 7 4 9 | 0.6052 | 0.3873 | 0.0074
3 10| 7 9 5 2] 0.9996 | 0.0003 | 0.0001
1|15 2 |1w0] 3 15 | 0.8396 | 0.1443 | 0.0160
1] 3] 2 5 3 6 | 0.8524 | 0.1420 | 0.0054
1] 2 1 5 1 3 | 03524 | 04316 | 0.2158
Table 19. Bayesian A-optimal design for Poisson regression model 1 2 2 4 3 5 | 0.7024 | 0.2389 | 0.0585
[Support points (0, 0), (0, 1), (1, 1) and 20 2] 2 4 6 5 109719, | 0.0224 | 0.0055
By~ Gla.6), b~ G(a,.6,), B, ~ G(et3,6;)] 4 110 2] 9| 3 [o6770] 03213 0.0016
oo |al|s | al s W W, w, 1|2 | 3 4 5 6 | 0.9126 | 0.0787 | 0.0086
3 3 3 3 3 3 | 0.8802 | 0.1100 | 0.0097 Table 21. A-efficiency forGamma regression
3| 3 5 3 3 3 | 0.8867 | 0.1108 | 0.0024 model [Support points (0, 0), (0, 1), (1, 1) and
33 3 [ 3 10 3 [0998 [ 00009 | 00008 By ~U(ab), p~U(c.d), B, ~U(e. /)]
21 3| 2 5 3 9 | 09658 | 0.0305 | 0.0035
Particulars | Design 1 | Design 2 | Design 3 | Design 4 | Design 5
3 2|5 2 9 3 | 0.9979 | 0.0019 | 0.0008
1l s | 2 10] 3 | 15 [098%6 00153 | 00009 B, ! 2 4 6 10
20 4| 2 6 2 8 | 0.8910 | 0.0989 | 0.0100 4 3 P p 15 20
205 2 ]10] 2 15 | 09376 | 0.0586 | 0.0037 1
2|5 3 5 6 6 | 0.9969 | 0.0029 | 0.0001 B, 4 7 15 20 30
1|1 1 1 1 2 | 05358 | 03094 | 0.1547
0.3731 | 03801 | 03878 | 0.3812 | 0.3881
1] 1 1 2 1 1 | 05010 | 03543 | 0.1446 W
1| 2 1 1 1 1 | 04852 | 03431 | 0.1715 w 0.3046 | 03001 | 02815 | 03010 | 0.2949
2
1| 2 1 2 1 2 | 05515 | 03184 | 0.1300
0.3221 | 03196 | 03305 | 03176 | 0.3169
115 1 5 1 5 | 06552 | 0.2675 | 0.0772 w;
21512 5 2 5 | 08429 | 0.1404 | 0.0165 Tr(M'(£)) | 138.184 | 448291 | 1571.3 | 3876.9 | 8873.79
1|5 1 7 2 5 | 08275 | 0.1379 | 0.0344 05 s o) o) )
1] 6| 1 9 2 7 | 0.8673 | 0.1048 | 0.0242 a,b (prior) ’ ’ ’ ’ ’
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e.d (prion | (0.9 2,10) | @100 | (1025 | (18.28) B, 11 12 18 25 40
e,/ (prior) | (0.5 (,10) | (10,20) | (15.25) | (28,38) w 03776 | 03756 | 03838 | 03759 | 0.3786
1
0.3164 0.1670 0.2205 0.2153 0.2186
w W 0.2741 0.3000 0.2916 0.2968 0.3059
2
W, 0.3417 0.3868 0.2920 0.3761 0.3434 N 03481 03242 03245 03272 03154
3
W, 03417 | 04461 1 04873 | 0.4085 | 04378 THM'(E)) | 608.48 | 1169.23 | 2597.22 | 4710.2 | 16631.6
Te(M (&) | 129.47 | 380.11 | 1300.97 | 3329.02 | 7647.86 &5, (prion) (1,5) (10,2) (5,2) 2.2) (10,15)
Efficiency 1.02 1.05 1.06 1.05 1.05 a,,5, (prion) | 26) (3.3) (3.3) (2.2) | (30,40
) ) a,,8, (prior) (5,15) (3.3) (3.3) (2,2) (35,50)
Table 22. A- efficiency for Gamma regression
model [Support points (0, 0), (0, 1), (1, 1) and W 0.1031 0.3761 0.3195 0.0769 0.0764
By~N(w,0,), B ~N(t1,0,), B, ~ N(15,0%)]
b N (4:01). B = Nton). o = N (15.3) w 0.1653 | 03119 | 03402 | 02676 | 0.3839
2
Particulars | Design 1 | Design 2 | Design 3 | Design 4 | Design 5
w, 0.7314 0.3119 0.3402 0.6554 0.5396
B 3 5 7 10 25
0 Tr(M7'(£)) | 498.696 | 1181.12 | 2451.09 | 4470.19 | 16177.4
5 10 12 22 40
ﬂ1 Efficiency 1.06 0.99 1.01 1.01 1.01
B 9 20 30 45 80
§ Table 24. Design efficiency for Gamma regression
W 0.3914 | 03812 | 0.3821 | 0.3764 | 0.3906 model [Support points (0, 0), (0, 1), (1, 1) and
1
By~ (al’ ) B~ (az’ ) B~ (“3’ )]
w 0.2888 0.2896 0.2832 0.2906 0.2864
2
Particulars | Design 1 | Design 2 | Design 3 | Design 4 | Design 5
w 0.3196 0.3291 0.3345 0.3328 0.3229
3 B 0.15 0.31 0.1 0.24 0.12
0
Tr(M1(E)) 741.153 | 2872.8 | 5752.11 | 13410.3 | 53696.1
ﬂ 0.3 0.44 0.26 0.52 0.35
0, (priory | @6 | CL10) | (515) | (:2020) | (-10.40) |
0.45 0.7 0.32 0.92 0.95
1,0, (prion) | @9 | (215) | (1020) | (1030) | (:545) B,
1,0, (prior) (5,10) (-3,25) (20,35) | (-50,50) | (50,100) W, 0.3881 0.4006 0.3814 0.3807 0.3558
0.3122 0.2767 0.2682 0.2803 0.2875
w W, 0.2949 0.2885 0.3033 0.2932 0.2890
0.3064 0.2905 0.2855 0.2141 0.2498
w, W, 0.3169 0.3108 0.3152 0.3259 0.3550
w, 03812 | 04327 | 04461 | 0.5054 | 0.4626 T M'E) | 19966 | 59515 | 1.0656 | 6.5527 | 4.1108
THM'(E)) | 673.115 | 2490 | 4881.37 | 11838.5 | 47268 a.b, (priony | (13 2.5) 4,10) | (1520) | (25,30)
1°7]1
Efficiency 1.03 1.04 1.05 1.04 1.04 @b, (prior) | @) (3.8) (3.9 | (1530) | (35.40)
2272
@b, (prior) | 36 (5,10) | (420) | (15.40) | (45,60)
Table 23. A-efficiency for Gamma regression EA
model [Support points (0, 0) (0, 1), (1, 1) and w, 0.3164 0.3227 0.3225 0.3293 0.3006
By ~G(a,6).8 ~G(a,,6,), 5, ~ G(a3,6;)]
b~ Glen0).4 = G(0.0). 5, ~ Glan, ) " 03417 | 03386 | 03387 | 03353 | 0349
2
Particulars | Design 1 | Design 2 | Design 3 | Design 4 | Design 5
w 0.3417 0.3386 0.3387 0.3353 0.3496
Y 2 3 5 6 12 }
’ THM'(E)) | 1.8595 | 55673 | 0.9964 | 6.2605 | 4.0504
ﬂ 3 8 10 15 34
1 Efficiency 1.02 1.02 1.02 1.02 1.01
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Appendix II. Information matrix for Gamma
regression model

Case 1. When the supportpointsare x; , x,, and x; .

The inverse of the information matrix is given by

+ +
a4 4y
-1 _ + + +
M (5)— ay Ay Ay

+ +
ay 4y Ay

+ + +
where @), =a,; = a;, =

Wi
2
@ =ay =i =ay ==L
W
2 2
4 = (Wl +W2):BO +2w BB +wp
22 W1W2 )
2 2
. (w, +W3),80 +2w, 8,5, + w5,
a;, = , and
ww;
3wywy +wy (w +wy) By +
- 2w By (W B, + Wy By) + Wy (Wsﬂlz + Wzﬂzz)
Tr(M ™ (£))= :

Wl WZ W3
Case 2. When the support points are x;, X,, and X, .
The inverse of the information matrix is given by
by by b
-1
M (5) = b2+1 b2+2 b;}
by by by

2 2
where b)) =ﬂ—°, ay, = ay =ﬁ, b, =b;,=0
W W
2
—(B, +
by, =aj, = (ﬂo IBI) >
W,
(Wz +W3)(ﬁo + B )2 +2w, (ﬁo +ﬁ1)ﬂz +
2
by, =bj, = Wb, ,and
wyW,

(wlw2 -i—2(w1 +w2)w3)/302 +
2w1ﬂ0((w2 +2w3)ﬂ1 +w,fB,)+

_ W ((Wz + 2wy )ﬂlz +2w, 8 B, + Wzﬂzz)
W W, W, ’

Tr(M ()

. * * *
Case 3. When the support points are X, , x,,and x, .
The inverse of the information matrix is given by
+ + +
Gy Gy G
-1 _ + + +
M (5) =16y Gy Gy

+ + +
Gy G Cy

p A
where ¢/, ===, ¢, =c}, =0, ¢y =¢;, =—,
w W
2
_(ﬂo +:B2)
€y =Cyy = s
w,

(Wz + W3)ﬂ02 + Wzﬂlz +2w, B, +
+ (W2+W3):6'22+2ﬁ0(w2ﬂ1+(W2+W3)ﬁ2)
C

2=

b

Wo Wy

ot = (Wl + Wz)ﬂo2 +2w BB, + WuBzz

33 ,an
wWw,

(wlw2 +2(w, +w2)w3)ﬂ02 +
2w By (m, By +(W2 + 2W3)ﬂ2) +
(W 2w BBy + (wy +2w) B )

WW, W,

Tr(M 7 (£))

Case 4. When the support points are x;, x;, and X; .

The inverse of the information matrix is given by
iy dy, dy
M (‘f) = d;l dgrz d2+3
dy dy,  ds
where
(w2w3 +w (W, +wy )),6'02 +w, (W +wy) B+
2ww, BB, +w, (Wz W, )ﬂz2 +

25, (Wz (Wl + W3)ﬂ1)+ w (Wz + W3)ﬂ2

d, >
WiW, Wy
_(Wz + Wa)ﬂoz + Wzﬂf +2w, B3, +

d5=d* = (Wz + Ws)ﬂzz +2ﬁo(wzﬂ1 +(Wz +W3)ﬂ2)

12 21 W, W, >

_(Wl + Ws)(ﬂo + 5 )2 +

d+ _d+ _ 2w1(ﬁ0 +ﬂ])ﬂ2 +Wlﬂ22

1303 =

WiW;
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(Wz + W3):302 + Wzﬂlz +2w, B, +
(Wz +W3)ﬂ22 +25, (Wzﬁl +(Wz + W3)182)

dgrz = s
WoW;
2
+ B+
&= d, :M’
W;
g 0iw) (B +B) +2w (By+B) B+ s
33 W1W3 b
and
(3w1w2 -4—2(w1 +wz)w3)ﬂo2 +w, (3W1 +2W3)ﬂ12)
+oww, BB, + w (3w, + 2W3)/322 +
4 2 2
Tr(M‘l(gf)): ﬂo((éwlw2 +4wwy) B, +2w (3w, + w3)ﬂ2)

wmw,W;
Appendix III. Information matrix for Poisson
regression model
Casel. When the support points are x;, X,, and Xx; .
The inverse of the information matrix is given by
fio fo s
M7 (&)= fa fa fa
fa fo Js
e P
where /i =/o=/a =S5 =l =n=1 s =

e P h (wl +eh wz)
.
22 )

Case 2. When the support points are x;, X,, and X, .
The inverse of the information matrix is given by
S 8h 8
-1 + +
M (5) =12 & £&x
g & &
e—ﬂo

+ _ + _ +
where £, =81, =8» =
1

H g1+3:g3+1:()=

e P h (w1 +eh wz)

+

En = 5
ww,
. e*ﬂo*ﬂﬁﬂz (W2 + eﬂz W3) . X _e*ﬁo*ﬂl
833 = , 8378n = s
WoW; w,
and

e P hip: (wlw2 +2e” (w, + el wz)w3)

Tr(M™(&))=

wWwW, Wy
Case 3. When the support points are x,, X;, and X, .
The inverse of the information matrix is given by
by by
-1
M7 (&)=|hy hy hy
by by
— eiﬂo + + 0
w 8n=8n =Y,

1

where A’ = h|+3 = h;

PP
+ +
h23 = h32 = 5
W,
PP (1, + P,
hi, =
22 T s
W, W,

and

B B 2 e AP (w, + 25w
Tr(M 1(5))26 " ;1+ (wzm 3)

Cased4. When the supportpoints are x;, X;, and X, .
The inverse of the information matrix is given by

+ + +
my my, My

M_l(g): my my,  my

+ +
my My, Mgy

e P hip, (eﬁzwzw3 +w (w2 +e w3))
.
where m;, = s
WW, Wy
N . —e Porh b (w2 +eﬁ‘w3)
my, =m, = )

Wy W,
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AT (w4 o)
+ _ + _
my; =my =
Wiw;
e ()
my, =
W, Wy
Bo=Bi—P
P __e o=P1—F
My, =My = )

B

eI (w, +ePw,)
+ —_—
My = )
WiWs
and
e il (3w1w2 +2e ww, + Zeﬂ2w2w3)

WW,W;



