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SUMMARY

Estimation of domain means is crucial in large-scale surveys; however, it becomes difficult when some of the selected units fail to respond. Sub-
sampling of non-respondents serves as a practical and methodologically sound approach to address this issue. This study considers the estimation of
domain mean under a random response mechanism using a two-stage sampling design with two phases at the second stage. Three estimators were
developed based on sub-sampling of non-respondents, where additional effort was made to collect information from a selected sub-sample. Variance
expressions were obtained for each estimator, and the optimum sample sizes were determined by minimizing the expected cost for a given level of
precision. The empirical analysis shows a considerable reduction in expected cost for all proposed estimators, with the highest reduction observed
when nonresponse is minimum. The study concludes that the proposed estimators are more efficient and cost-effective for domain mean estimation

when nonresponse is present.
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1. INTRODUCTION

For large or medium-scale surveys, the sampling
frame of ultimate stage units is not available and
the cost of construction of such frame is very high.
Moreover, when the population elements are widely
dispersed geographically, the resulting sample
also becomes scattered, leading to high costs of
enumeration and difficulties in supervising fieldwork.
For such situations, two-stage or multi-stage sampling
designs are very effective. However, in many human
surveys, another practical difficulty arises when data
are not obtained from all selected units. Nonresponse
often persists even after repeated call-backs, leading
to incomplete data. Since the respondents may differ
systematically from the non-respondents, the resulting
estimates can be biased. To mitigate this issue, Hansen
and Hurwitz (1946) proposed a technique for adjusting
for nonresponse, providing a framework to reduce such
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bias and improve the reliability of survey estimates.
The technique consists of selecting a sub-sample of
non-respondents. Through specialized efforts data are
collected from the non-respondents so as to obtain an
estimate of non-responding units in the population.
Foradori (1961) studied the sub-sampling of the non-
respondents to estimate the population total in two stages
using unequal probability sampling. Srinath (1971) used
a different procedure for selecting the sub-sample of
respondents where the sub-sampling procedure varied
according to the nonresponse rates. Oh and Schereun
(1983) attempted to compensate for nonresponse by
weighing adjustment. Kalton and Karsprzyk (1986)
tried the imputation technique. Tripathi and Khare
(1997) extended the sub-sampling of non-respondents’
approach to multivariate cases. Okafor and Lee
(2000) extended the approach to double sampling for
ratio and regression estimation. Okafor (2001, 2005)
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further extended the approach in the context of element
sampling and two-stage sampling, respectively, on
two successive occasions. Chhikara and Sud (2009)
used the sub-sampling of non-respondents’ approach
for estimation of population and domain totals in the
context of item nonresponse. Sud ez al. (2012) addresses
the problem of estimation of finite population mean in
the presence of nonresponse under two stage sampling
design assuming a deterministic response mechanism.
Subsequently, Sud et al. (2013) examined the same
problem under a two-stage sampling design when the
response mechanism was assumed to be random. Aditya
et al. (2014,2015) developed estimators for the domain
mean in the presence of nonresponse under a two-stage
sampling design, assuming a deterministic response
mechanism. They extended the methodology to
situations where population level auxiliary information
was not available at the earlier stages of selection.

It may be noted that weighting and imputation
procedures aim at elimination of bias introduced by
nonresponse. However, these procedures are based
on certain assumptions on the response mechanism.
When these assumptions do not hold good the resulting
estimate may be seriously biased. Further, when the
nonresponse is confounded i.e. the response probability
is dependent on the survey character; it becomes difficult
to eliminate the bias entirely. Rancourt et al. (1994)
provided a partial correction for the situation. Hansen
and Hurwitz’s sub-sampling approach, although costly,
is free from any assumptions. When the bias caused by
nonresponse is serious this technique is very effective
i.e. one does not have to go for 100 percent response,
which can be very expensive.

In many cases, estimates for specific subgroups or
domains of the population are required alongside the
overall estimates (Sarndal et al.,, 1992). In the context
of estimation of the domain parameters (mean/total),
Agrawal and Midha (2007) proposed a two-phase
sampling design when the size of the domain was
not known. Chhikara and Sud (2009) considered the
problem of estimation of finite population mean of
a domain in the presence of item nonresponse under
a random response mechanism. Sud et al (2010)
considered the problem of estimation of finite population
mean of a domain in the presence of nonresponse under
a deterministic response mechanism. Recent studies on
estimation in the presence of nonresponse are Aditya

et al. (2013,14), Raman et al. (2013 and 2016), Audu
et al. (2022), Chaudhury et al. (2021, 2023) and Singh
et al. (2024), Pandey et al. (2024), Alamri & Aloraini
(2025) ete.

In this study, estimators of domain mean under
two-stage sampling design were developed using the
technique of sub-sampling of the non-respondents,
assuming a random response mechanism. The variances
of the proposed estimators were derived, and the
optimum sample sizes were determined by minimizing
the expected cost for a specified level of precision.

2. THEORETICAL DEVELOPMENTS

Let the finite population U under consideration
consists of N known primary stage units (psus) labeled
1 through M. Let the im psu comprise M second stage
units (ssus). Let wus consider a population

=(1,....,k,.....,N) of size N partitioned into D sub-

sets U,..U,...U,, (hereafter we refer them as domains)

and let N, (which is assumed large) be the size of
D D

D) such that UZUUd and NZZNd .
d=1 d=1

It is assumed that N, is known. Let a sample s of 7 psus
is drawn from the population using simple random
sampling without replacement (srswor) sampling
design. Let s, denote the part of sample s that happens
to fall in U, that is, s, =s U, . Let us denote by n,

U,d=1,..,

the size of s such that 5 = U Sa and "= an When

d=1 d=1
the domain sizes are small, n, may turn out to be very
small or it may be equal to ‘0’ in some cases. In such
cases small area estimation techniques are needed for
reliable estimation at the domain level. However, we
do not consider this case here. Let M, be the size of the
units in each psu belonging to the d™ domain and from
each selected psu m, ssus are selected by srswor and
letters/mails containing questionnaires are sent to each
unit in the sample. With the random sample of
observations, the statistician’s task is to make the best
possible estimate for the domam Let Yk be the value
of study character pertaining to ] ssu in the Kt psu in
d" domain, k=1,2,...,N, j=1,2,....M,, d=1,2,..., D. The
obJectlve thls study is to estimate the domain mean

Y, Z_Z Zydkj :

dkl d/l
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Considering the estimator developed by Aditya
(2016), let n psus be selected from N psus by srswor
where n, out of n psus fall in the d™ domain and within
each selected psu, m, ssus are also selected from M,
ssus by srswor. Let, a sample of m ; ssus selected from

M, ssus, my units responds and 7, units do not

respond, m, + my, = m,. From the my,

nonresponding units a subsample of A, units is

selected by srswor, g, =hdk2fdk2 , k=1, 2,..., n, Let

¥, denote the mean of the sample from the response
1

class for the @™ domain while V. denote the mean of

the sample for the nonresponse class, where
1 My 1 hdkz

Yy = my, JZ:)/ % and Vi = h, ;y % . Here at the
Ny

second stage M, responding and 4, nonresponding

units are being generated as a result of m, independent
Bernoulli trials, one for each element k in m, with
constant probability 6, of “success”, i.e. the response.

Therefore
Pr(k e mdk, |my) =6, = Oy and
Pr(k &l e mdk1 |m;)=0,,, = 0,

An unbiased estimator of Y, given by Aditya
(2016) is as,

_ N & 1 _ _
MNar = nN, ;m_d(mdkl Yogy T mdsz/hd,{z) (D)

with variance

N(N—-n)(N, - ) N(N-n —
V) = NZ(N 0 bd NQ(N_i)NdeYs
(1 edk) 2
—_——— -DS
ankZ:,( )dk Nj; m, (fdkz S
(2)
where,
D A AL
bd (Nd_l)k=1 di d7 > Sk M, = dk;
1 Nd_ 1 N _
Y=——">Y =—>»Z7)7,
and 7, Ndkz; dk Ndkzzl: ak Lk

N
dk (M _I)Z( dk; Y, 2, P:Wd’del_})d’

Now, determining the optimum values of n, m, and
Ja, by minimizing the expected cost for a fixed

variance as given in Aditya (2016). The following cost
functionwas considered,

ny

C=Cyny+Cyy Zmdk +Cyy Zhdk

where,C: Total cost; C,,; Per unit travel and
miscellaneous cost in the dth domain; C,;: Cost per unit
of collecting the information on the study character in
the first attempt in the ™ domain; C,; Cost per unit of
collecting the information by expensive method after
the first attempt of collecting information failed in the
d™ domain.

The expected cost in this case is,

n i 1-6
E(C)=—[C,N, +C2dmdzgdk +C3dmdz( dk)
N k=1 k=1 fdk,
The optimum values were obtained as,
K,, —b, v blz2 —4ay,e,
n,,=—-—,m, = and
" K, " 2a,,
N, N, N,
C3d 2(1 - edk)[zsjk - Z(l - adk )Sjk ]
k=1 i=1
f‘Zdopt = i Nay

Chq Z Hdk Z (1- Hdk )Sjk

To avoid negative values, the following values
were considered

2
_ —b, +4/b," —4ae,

mdapt - 2(,112 and
3d z (1 Hdk )[Z Sjk Z (1 edk )Sjk J
i=l1
‘deOpt = N,y
Gy, Z O z (1-6, )Sjk
k=1
where,

K23=I/0+ de + 212 12 S[fda
N; [ (N=1) | N,
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o | NV, D)
PN, W=D ][

K24 |: N klZszd {N Qd }
(N-1)

a-e,)

o

a k=t My

1
M_d)Sjk N; Z (f2d _I)Sjk:|,

d

N,
~(1-6,)
ap :(CM kZ,;dek I:Ndkl2Sb2d +

2d
y?2 N,
N {Nde d }_ZLS; ’
(N_l) k=1 Md
N, N,
2
blz = _(Czdzedkz(l_edk)sdk -
k=1 k=1

Cst fik){;sjk Z(l 9,)S H

Ny
Clde Z(l - Hdk )Sjk
k=1

and ¥, =0.0025x Y} .

2.1 Proposed Estimator 1 (y,,, )

Let n psus be selected from N psus by srswor design
where 7, out of n psus falls in the d-th domain and
within each selected psu, m, ssus are also selected from
M, ssus by srswor. Let there be no nonresponse in
nypsus. In the remaining n,, psus mg, units responds
and my units do not respond, m, +m, =m,. From

the m,,_  nonresponding units a subsample of 7, units

is selected by srswor and data was collected through
specialized effort, m,, =hy fu , k=1, 2,...

context, the proposed estimator was

Vour = {Z Yae T Z

7,5, In this

(mdk, Y gy T Mk, J_/hdkz )}

3)

which is unbiased for ¥, .

_ N _
E(yZdr ) =EE,E\E,E;EE E T{ Yae T
ni,

k=1

+ mdkz yh‘uz )}

Ma

Zi(mdkl .)_}md,q

k=1 My,

N < _
=EEEE EEE, _{( Yae T
nh,

k=1

"ZZ"L(mdkl)_/mdkl

k=11,

+ marsz_’md2 )]}

—EEEEEE {
k=1

oY 1

k=1 md

(muzk1 Vae ¥ M, Vi )}

Nd Md 1

)_’dk +Z_

k=1 k=1 M,

(1 — Oy )de_’dk )}

N _
=EE,E\E E; { (edkmdydk +
nh,

Thus, 3,, is an unbiased estimator of ¥, .Where

Egrepresents conditional expectations of all possible
samples of size #,, drawn from =, , E,is the conditional

expectation of all possible samples of size m, , My

respectively drawn from M, and M, by keeping
my. , My fixed, E refers to conditional expectation
arising out of m, independent Bernoulli trials resulting
=m,, E,
is the conditional expectation of all possible samples of

size m,drawn from M, E  arising out of selection of all
possible samples of size n,,n,, from N, N,,

fixed, E; refers to conditional

in My success and My, failures, My, + My,

keeping n,,, n,,
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expectation arising out of randomness of n,,,n,,, E,

arising out of selection of all possible samples of size
n, drawn from N, keeping n, fixed whereas E| is the

expectation arising out of randomness of n,. The
variance of estimator was obtained as follows:

V(J_/zdr) =V\E,E\E,E.EE, Eq (.)_/Zdr) +EV,E,\E,E;
E6E7ES (J_}zdr) + E1E21/35E4E5E6E7E8 (J_/Zdr) +
E1E2E3V4E5E6E7E8 (yzdr ) + E1E2E3E4V5
E6E7E8 (-)_/Zdr) + E1E2E3E4ESI/6E7E8 (J_;Zdr) +
EE,E.E,EEV.E(Y,,)+EE,EEE;

E6E7I/8 (.)_}Zdr)

(V. V),V VL, Vs,V VoV, are defined similarly as
E.E,,E,.E, E, E, E, E,).

Here
_ N(N —n) =
ViE,E\E,ESEE E (V) = WNdeYZ
_ (N-n) (N-N,))
EV,E,E,E;EE E(V,;)= N, |:1_ N,(N _dl) S}fd,

E1E2V3E4E5E6E7E8 ()_’mr) =0,
E1E2E3V:tE5E6E7E8 (J_/Zdr) =0,

EEEEVEEE (V) =— Z(——
d

k=1
E\E,E\E,EVE, E(,,)=0,
E\E,E\E,EEV,E(y,,)=0and
E\E,E\E,E;EE,V (J_/zdr)

de 9
I L TA

N; — - I)Sc?k

By adding the above three terms, the variance of
estimator was obtained as

NV =N, =) ¢, N(N-n)

V(fzdr): Nz(N 0 bd NZ(N—I) Ndefj
(1-6,) 2

(— ——) —(fu, = DS
Nj kz:, M, a T Nj kz:, m, dk, dk

“)
where )’m,,‘ 7yhdk2 , S, S, etc. have been defined

earlier.

The optimum values of n, m, and fu, were
determined by minimizing the expected cost for a fixed
variance. The relevant cost function in this case is,

Md Md

C=Cyny, +Cyynyymy +C,, Z:mgzk1 +C,, zhdk2
=1 =1

C C,, C,,and C,, are same as defined earlier. The
expected cost was,
n NZd
E(C)= N[Clszd +CyyN,ymy + Cyymy, Z‘gdk +
k=1
N-
2 (1-6,)m
C,, Z ai )M ) T
k=1 f;jkz

Consider the function ¢ = E(C)+ A{V (3,,)—V,} »
where A is the Lagrangian multiplier. To get closed
form expression of the optimum values, it was assumed
that Mg, zhdszzd, k=1,
mdkz = harszdk2 s k=1, 2,..., Ny

The optimum values obtained through minimization
were as follows:

K —b,; i\jbnz —4aye;,

nupt K H mdopt = 2(1
13

26

2,..., n,; in place of

and

de de
BdZ(l gdk)(szk Z(l O ) ;k]
J(Zd"f” =+ Nog Nog

2d (Nld + Z‘gdk )Z (1- Hdk )Sjk
k=1

Only positive values were considered, therefore,

[ 2
__b13+ b13 —4a13e]3

My = y and
13
N, N, N,
2 2
C3dz(1 - gdk)[zsdk - Z(l - Hdk)Sko
i=1
f‘Zdopt = Ny,
2d (Nld + Z‘gdk )Z(l Hdk )Sjk
k=1 k=1
where,
N,OY}| k
K, =V, + { (Ndl) }+N;2S;d ,
d
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o | NV, D)
PN, W=D ][

N 0,Y; 1
A a% -
K ~ Nd 12~ bd Nz{ N 1 } N;;( d
25 =
| N % (1-6,)
— S + @) _1)s2
Md) at N; ) (fzd S
Ny 1-6,) NdeZszd +
an:[csdz f2 = ] N{Nde?dz} % 1 g2
k=1 2d TN 1 ([ Ly Pdk
N-1 oM,
Nyg Nyg

C2d (Nld + Zedk )Z(l - gdk)Sjk -

12 - de 0 ) Nag >
gdz i {zssk >o- ed»s;k}
Y=

NZd

e, =—C,N,, Z (1-6, )Sjk

k=1
and ¥, =0.0025x Y} .

2.2 Proposed Estimator 2 (y,, )

Let n psus be selected from Npsus by srswor where
n, out of n psusfall in the d-th domain and within each
selected psu, m,, ssusare also selected from M, ssus by
srswor. Let there be no nonresponse in 7, ,psus. In the
remaining 7,,psus M, units responds and 7, units
do not respond, m, +m, =m, From the m,
nonresponding units a sub-sample of /4, units is
zhdszdkz , k=1, 2,

there be complete nonresponse in the n,;, psus,
n, +n,, +n,, =n,. Further a sub-sample of 4, , psus

selected by srswor, m, 7y, Let

is drawn out of p,, psus and data are collected through
specialized efforts on each of m, ssus in the selected
hy, psus, ny,=f3,h;, In this context, the proposed
estimator isas

v Loy 1

Yy + D —(my v, +
dk dk; > m
_ N |i&= =1 My S

Yiar nN, by

M, Vi, )+

®)

which is unbiased for ¥, .

E(¥,,)= EEEEEEEEE {Z

k

Md 1 _ Ii3q
Z_(mdklymd,q mdkzth Zydk}

k=1 md 3d k=1

g

—EEEEEEEE {[Zydk

M ] _ _ Iy
Z_(mdlﬂ ymdlq + mdkz ymdk Zydk j}

k=1 My 3d k=1

Mg Ma

= EE,E,EEEE,— {Zydk+z

(mdk, Ya +

hxd
3
h,jd — dk}

(Om, Yy +

I3y
Z)’dk}

My Vi ) +

Mg Mg

=ELEEEE,~ {Zydk+z

(I=6,)m,yy) +

3d k=1
ny nyy Iy
= E\E,E,EEE, {Zydﬁzydk Zydk}
3d k=1
N M Mg n3d 3y _
- E1E2E3E4E5 de + de +— Y:ik
nNd k=1 k=1 h3d k=1
N My Mg _ M3d
=EE,EE, wt 2 Yut 2. Yy
}’lNd k=1 k=1 k=1
N | =
=FFEEFE Y
15283 4nNd {k:l dk}
N ny N n Ny
=EE, { Y, r=E _dz Yy,
nN, i3 nN, N, 5
— 1 Nd \%a — \a
N, &= dk d

Thus, ¥,, is an unbiased estimator of Y, . Where

E, represents conditional expectations of all possible
samples of size 4, drawn from m, , Eg is the

2

conditional expectation of all possible samples of size
my, , m, respectively drawn from M, and M, by

keeping my ,m, fixed, E, refers to conditional
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expectation arising out of m, independent Bernoulli
trials resulting in m, success and m, failures,

My, + My, =My, E is the conditional expectation of

all possible samples of size m, drawn from M, E;
represents the conditional expectation of selection of
h,, from n,, E, arising out of selection of all possible
from N,,,N,,,N,,

keeping n,,,n,,,n,, fixed, E; refers to conditional

samples of size n,,,n,,,n,,
expectation arising out of randomness of n,,,n,,,n,,,

E, arising out of selection of all possible samples of
size n, drawn from N, keeping n, fixed whereas E| is

the expectation arising out of randomness of n,. The

variance of the proposed estimator was obtained as
follows:

V(J_}3dr) = I/IEVZE‘3Ev4E‘SE‘6E‘7E8E‘9 (J_}3dr) + EIV;E3E4
E5E6E7E8E9 (.)_/3dr) + E1E2 I/3E:4£?5E6£?7E:S
E9 (.)_/3dr) + E1E2E3I/4E5E6E7E8E9 (.)_)3dr)+
E\E,\E\EVEE,EE\(y,,) + EE,EE,
EVE,EEy(ys,,) + E\E,E;E,E;EV E;
Ey(V34) + E\E,E\E ESEE VI E (V3. ) +
E1E2E3E4E5E6E7E8V; (y3dr)

(V. V3,V VLV, Ve Vo Vs,V are defined similarly

as E,E,,E,,E,,E,E.,E, E,E,)
I/1E2E3E4E5E6E7E8E9 (y?’dr)

N(N n) N,
2 Qd d
nN°, (N-1)
_ N(N -n)(N, - )

EV,E\E,E;EE,E.E (Y, )= N2 (N=1) ;,d s
E\EV,E,EEE EE,(y,,)=0,
EEEV,EEEELE ()_13(”):0
EEEEVEEEE(yW)— 3d(f3d I)szw,

N Nig+Nyy 1
E\E,E\E,EV E EE, (Edr) = _2{ -

nN;| = my

NSd

)Sdk +f3d2(md M, )Sdk:|’

E1E2E3E4E5E6V7E8E9 (ywr) =0,

E\E,E\E,EEEVE,(y,,)=0 and
E\E,E\E,EEE EV,(ys,)

N &(1-6,) 5
= -NSs
nN; ; m, (fgzk2 DS

Thus, by adding all the terms, the variance of proposed
estimator was obtained as

_ \_NW-n) Nd 72 NV =m(®, -1
V = +—— S
(Vsa) = N ) Qd d NZ(N—I) bd
> N'“ZN"(———)SZ RS
nNd — dk 3d d Md dk

(1-6,)
+W}d(ﬂd—l>55m N ; s ~1)Sj
(6)

1 N3y

Sy = Y, -7,
bdy,, N3d 12( k

)2
_ N,/ > where,
k=1

To determine the optimum values of n, m, fdkz
and f, , following steps were proceed as follows,

The cost function in this case is,

Ma

C=C,(ny +h,)+Coymym, + Czdzmdkl +

k=1

Mg

Gy, (z hdk2 +hy,my)
=1

where C, C,, C,, andC,, are same as defined
earlier. The expected cost was,

de
EC)= [CldNZd +C,—* N +CyyNyym, + CZdZHdkm
3d =1

To minimize the expected cost subject to fixed
variance,following function was considered,

P=EC)+ AV (y,,)-V,}- To get close form
expression of the optimum value, it was assumed that
My, =ha, foa , k=1, 2,...,
k=1, 2,...,n,,. To overcome the problem arising due to

simultaneous minimization of n, m, f,, fi; it was
assumed that n,,=f, /.

n,, in place of My, = hdkz fdk2 ,

Thus, minimization gives the optimum values as,
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& _ —b), \/bzl2 —4a, e,
K,

n = m =
opt dopt and
> 2a,,
f _ by —4ay e,
2ddopt 2
a
31

To avoid the negative values, following values
were considered

—b), + \/ —4a, e,

my, = and
dopt
2a21
£ = —by, ++/by,” —4ay ey,
2dopt —
2a31
where,

K=V, + NZ {N le) }+%S§d,
d
k _ N(Nd_l)
POIN,WIN=D ||
2 2
K, :Niklejdjt%{%}Jr

["’Z”(__ dk fwz(___)sjkj

m, M
NN
e

k m,

(fzd DSjk ;d (f3d _1)szN ’
Nd 3d

Nyg N3y 1

21 :C3dZ(1_gdk)[N szNd _ZM_Sjk >
= k=1 d
N}d NZI

bZl_CBdZ(l edk)zsjk C3dN3dZ(1 edk)Sdk’

NZ(I

€ Z_CldNSdZ(l_edk)Sjk’
=1
Ny, Nig+Nyy Nag
e3l=_C3dZ(1 Hdk)( Z Sjk Z(l Hdk)Sdej’

NZ(/ NZ(/
ay = (CZled + CZdZHdk ]Z(l -0 )Sjk )

k=1 k=1
N3y

bzl—cgd{NgdZa 6,85 — Z(l 0dk)ZS

2.3 Control Estimator

This estimator was also considered for efficiency
comparison purpose. Let n psus be selected from N
psus by srswor design where n, out of npsus fall in the
d™ domain and within each selected psu, m, ssus are
also selected from M, ssus by srswor. Data is collected
through specialized efforts i.e. there is no nonresponse.
Then unbiased estimator for ¥, is given as,

Vagr = Zydk (7

dkl

Proof: By definition,

E(¥,,)=EE,E(— Zydk) EEy(—— Zde)

dkl 6]kl

niv,
N

Thus, ¥,, is an unbiased estimator of ¥, .

N n, &
= lnN Fdzydk |:".E1(nd)=

:_Zde Yd

dkl

where E; is conditional expectation pertaining to
all possible samples of size m, drawn from M, and
E, is expectation pertaining to all possible samples of
size n, drawn from N, keeping n, fixed and £, is the
expectations arising out of randomness of 7,,.

The variance of estimator was obtained as

V(y4dr) = V1E2E3 (y4dr) + E1V2E3 (J74dr) + E1E2V3(y4dr)

_ N(N —n) _
V1E2E3(y4dr)=mNdeY2a
— N -n(N, D)
EV,E;(Via) = ANZ(N—1) Spas
EEVy(Fy4) = 22(—— s
Nd k=1 d
Thus,
= NN =N, =D
V(¥ia) = NZ(N 0 bd
Y NOY — ,
nN2(N 1) Q¥ Nj;( M Si

@®)

Sy, Sa, Q, etc. are defined earlier.
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For optimization the relevant cost function in this

case 1s,
C=Cyn, +Cyn,m,

The expected cost £(C) Z%(Clde +C,,N,m, )

where, C, C, ,, C;, have been defined earlier.

To obtain optimum values of n and m, the expected

cost was minimized by fixing the variance. The
optimum values were obtained in the same way as
earlier,

N* (N, -1) -1 *[N,QY;}
N2 (N 1) S N2 N-1
(7_7)
Moy = Ny ; " and
(%+£2 N,Q,Y; +N§Nd—1)S;d)
N| N-1 | NXN-I

Ny
C1dZS5k
mdopt == = 2
(N(N D¢ JNNOY,
(N-1) S N-1
725*
d k=1

Negative value was avoided by considering

Ny
Cld ZSjk

k=1
NV, -D) 2
bd
(N-1)

725

dkl

mdopt -

NNarQarZr2
N -1

3d(

3. EMPIRICAL ILLUSTRATION

For empirical illustration data pertaining to MU
284 population given in Sarndal et al. (1992) was used
and analysis was performed in SAS software. The
variable considered was P85 which was 1985 human

Table 1. The optimum values of sample sizes along with percentage reduction in expected cost of 3, .3, .7, overy,, indomain 1

Control
cost (5,.) Existing Estimator (y,, ) Proposed Estimator( 3, ) Proposed Estimator( 5, )
% RIEC % RIEC % RIEC
Cou | Cu | G | n | my | n | mp | [y 5% 10% nofmy | fy 5% 10% nofmy | S 5% 10%
(627 Ccv (627 Ccv Ccv Ccv
25 1 45 | 46 | 4 | 46 9 | 428 | 7432 74.32 63 | 4 | 195 | 97.42 97.41 63 | 5 | 269 | 9451 94.50
25 1 50 | 46 | 4 | 46 9 | 451 | 7499 74.99 63 | 4 | 206 | 97.49 97.48 63 | 5 | 2.80 | 94.87 94.85
25 1 55 | 46 | 4 | 46 9 | 473 | 75.57 75.57 63 | 4 | 2.16 | 97.55 97.54 63 | 5 | 291 | 95.17 95.16
25 2 | 45 | 46 | 4 | 46 8 | 3.02 | 67.98 67.98 63 | 3 | 1.38 | 96.96 96.95 63 | 5 | 201 | 92.84 92.82
25 2 50 | 46 | 4 | 46 8 | 3.19 | 68.77 68.77 63 | 3 | 145 | 97.04 97.03 63 | 5 | 211 | 9334 93.32
25 2 55 | 46 | 4 | 46 8 | 334 | 69.46 69.46 63 | 3 | 152 97.10 97.09 63 | 5 | 219 | 93.76 93.74
30 1 45 | 46 | 4 | 46 9 | 428 | 7431 74.31 63 | 4 | 195 | 97.38 97.37 63 | 6 | 269 | 9424 94.22
30 1 50 | 46 | 4 | 46 9 | 451 | 75.01 75.01 63 | 4 | 206 | 9746 97.45 63 | 6 | 2.80 | 94.60 94.58
30 1 55 | 46 | 4 | 46 9 | 473 | 75.61 75.61 63 | 4 | 216 | 97.52 97.51 63 | 5 | 291 | 9491 94.89
30| 2 | 45|46 | 4 | 46 9 | 3.02 | 68.63 68.63 63 | 3 | 1.38 | 96.96 96.95 63 | 6 | 2.01 [ 92.49 92.47
30 2 50 | 46 | 4 | 46 9 | 3.19 | 6943 69.43 63 | 3 | 145 | 97.05 97.04 63 | 6 | 2.11 | 93.00 92.98
30 | 2 55 | 46 | 4 | 46 9 | 334 ] 70.13 70.13 63 | 3 | 1.52 | 97.12 97.11 63 | 5 | 219 | 9343 93.41
35 1 45 | 46 5 46 9 | 428 | 74.18 74.18 63 | 4 | 195 | 9734 97.33 63 | 7 | 269 | 94.00 93.98
35 1 50 | 46 | 4 | 46 9 | 451 | 74.89 74.89 63 | 4 | 2.06 | 9741 97.41 63 | 6 | 2.80 | 94.37 94.35
35 1 55 | 46 | 4 | 46 9 | 473 | 7551 75.51 63 | 4 | 216 | 9748 97.47 63 | 6 | 291 | 94.69 94.67
35 2 | 45 | 46 5 46 9 | 3.02 | 68.99 68.99 63 | 3 | 1.38 | 96.96 96.95 63 | 7 | 201 | 9220 92.17
35 2 50 | 46 | 4 | 46 9 | 3.19 | 69.81 69.81 63 | 3 | 145 | 97.04 97.03 63 | 6 | 2.11 | 92.72 92.69
35 2 55 | 46 | 4 | 46 9 | 334 | 70.52 70.52 63 | 3 | 1.52 | 97.11 97.10 63 | 6 | 219 | 93.16 93.13
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Table 2. The optimum values of sample sizes along with percentage reduction in expected cost of 3, %, ,¥,, over y,, in domain 2

Control
cost (3,,) Existing Estimator (y,, ) Proposed Estimator(y, ) Proposed Estimator( Vair )
% RIEC % RIEC % RIEC
Coo | Cop | Cop | n | my | n | my | 5 59 CV lg? no|my | fo 5% CV ICOZo no|my | fy 59% CV lgif;
25 1 45 |52 | 9 | 52| 3 1.52 77.96 7796 | 64 | 6 1.91 97.88 9788 | 64 | 3 1.91 93.90 93.88
25 1 50 |52 8 | 52| 3 1.60 78.83 7883 | 64 | 6 | 2.01 97.93 9793 | 64 | 2 1.96 94.30 94.28
25 1 55 | 52| 8 | 52| 3 1.68 79.58 7958 | 64 | 6 | 2.11 97.98 9798 | 64 | 2 | 2.00 94.63 94.62
25 2 45 | 52| 9 | 52| 2 1.07 76.63 76.63 | 64 | 4 1.35 97.62 97.62 | 64 | 3 1.56 93.01 93.00
25 2 50 |52 8 | 52| 2 1.13 77.51 7751 | 64 | 4 1.42 97.68 97.68 | 64 | 2 1.62 93.52 93.50
25 2 55 | 52| 8 | 52| 2 1.18 78.27 7827 | 64 | 4 1.49 97.73 9773 | 64 | 2 1.66 93.93 93.92
30 1 45 | 52| 10 | 52 | 3 1.52 76.63 76.63 | 64 | 6 1.91 97.83 9783 | 64 | 3 1.91 93.33 93.32
30 1 50 |52 9 | 52| 3 1.60 77.56 7756 | 64 | 6 | 2.01 97.89 9789 | 64 | 3 1.96 93.77 93.76
30 1 55 | 52 521 3 1.68 78.37 7837 | 64 | 6 | 2.11 97.94 9793 | 64 | 3 | 2.00 94.14 94.12
30 2 45 | 52| 10 | 52 | 3 1.07 75.43 7543 | 64 | 5 1.35 97.59 9759 | 64 | 3 1.56 92.37 92.35
30 2 50 | 52 521 3 1.13 76.38 7638 | 64 | 5 1.42 97.66 97.65 | 64 | 3 1.62 92.92 92.90
30 2 55 | 52 521 3 1.18 77.20 7720 | 64 | 5 1.49 97.71 9771 | 64 | 3 1.66 93.37 93.36
35 1 45 | 52| 11 | 52 | 3 1.52 75.38 7538 | 64 | 6 1.91 97.79 9778 | 64 | 4 1.91 92.81 92.80
35 1 50 [ 52|10 | 52| 3 1.60 76.38 7638 | 64 | 6 | 2.01 97.85 97.84 | 64 | 3 1.96 93.29 93.27
35 1 55 | 52] 10 | 52| 3 1.68 77.24 7724 | 64 | 6 | 2.11 97.90 9789 | 64 | 3 | 2.00 93.68 93.67
35 2 45 | 52| 11 | 52 | 3 1.07 74.28 7428 | 64 | 5 1.35 97.56 9756 | 64 | 4 1.56 91.77 91.75
35 2 50 |52 10 | 52 | 3 1.13 75.29 7529 | 64 | 5 1.42 97.63 97.62 | 64 | 3 1.62 92.36 92.35
35 2 55 | 52|10 | 52| 3 1.18 76.17 7617 | 64 | 5 1.49 97.69 97.68 | 64 | 3 1.66 92.86 92.84

Table 3. The optimum values of sample sizes along with percentage reduction in expected cost of 5y, .7, ,7,,, overy,, indomain 3

Control
cost (5,.) Existing Estimator (3, ) Proposed Estimator(y, ) Proposed Estimator(y,, )
Cio | Cop [ Cyp | | mg | n | my | [y % HEC no|omy | o % HEC no|omy | o % e
5% CV | 10% CV 5% CV | 10% CV 5% CV | 10% CV

25|11 [ 45|50 | 12|50 | 5 | 152 | 81.54 81.54 64 | 10 | 1.56 | 97.43 97.42 65 | 36 | 889 | 90.12 90.10
251 1 [ 50 [ 50| 12|50 | 5 | 1.60 | 82.20 82.20 64 | 10 | 1.64 | 9747 97.47 65 | 36 | 9.81 90.59 90.56
25| 1 [ 55|50 11 |50 | 5 | 1.68 | 82.78 82.78 64 | 10 | 1.72 | 97.52 97.51 65 | 36 | 10.72 | 90.99 90.96
25| 2 [ 45|50 12|50 | 4 | 1.07 | 79.63 79.63 64 | 8 1.10 | 96.88 96.87 64 | 36 | 4.73 | 83.06 83.01
251 2 [ 50 | 50| 12|50 | 4 | 1.13 | 80.32 80.32 64 | 8 1.16 | 96.94 96.93 64 | 36 | 520 | 83.79 83.75
251 2 [ 55|50 11 |50 | 4 | 1.18 | 80.91 80.91 64 | 8 122 | 96.99 96.98 64 | 36 | 5.66 | 84.44 84.40
30| 1 [ 45|50 13|50 | 5 | 152 80.69 80.69 64 | 10 | 1.56 | 97.45 97.44 65 | 36 | 8.89 | 90.62 90.59
30 1 [ 50| 50] 13 (50| 5 | 160 | 81.41 81.41 64 | 10 | 1.64 | 97.50 97.49 65 | 36 | 9.81 91.06 91.03
30| 1 [ 5550 ) 12]50 | 5 | 1.68 | 82.03 82.03 64 | 10 | 1.72 | 97.54 97.53 65 | 36 | 10.72 | 91.44 91.42
30 2 [ 4550 | 13 |50 | 4 | 1.07 | 7898 78.98 64 1.10 | 96.95 96.94 64 | 36 | 473 | 84.17 84.12
30 2 [ 50|50 13 )50 ([ 4 |1.13 ] 79.71 79.71 64 1.16 | 97.01 97.00 64 | 36 | 520 | 84.86 84.82
30| 2 [ 55|50 12|50 | 4 | 1.18 | 80.35 80.35 64 1.22 | 97.06 97.05 64 | 36 | 5.66 | 85.46 85.42
35/ 1 [ 45|50 | 14|50 | 5 | 1.52 | 79.87 79.87 64 | 11 | 1.56 | 9745 97.45 65 | 36 | 8.89 | 90.97 90.95
350 1 [ 50 |50 ) 14|50 | 5 | 160 | 80.63 80.63 64 | 11 | 1.64 | 97.50 97.50 65 | 36 | 9.81 91.40 91.37
35/ 1 [ 55|50 13|50 | 5 | 168 81.29 81.29 64 | 11 | 1.72 | 97.55 97.54 65 | 36 | 10.72 | 91.77 91.74
351 2 [ 45|50 | 14|50 | 4 | 107 | 7830 78.30 641 9 1.10 | 97.00 96.99 64 | 36 | 473 | 85.00 84.96
350 2 [ 50|50 14|50 | 4 [ 1.13 | 79.08 79.08 64 1.16 | 97.06 97.05 64 | 36 | 520 | 85.66 85.62
350 2 [ 55|50 13|50 | 4 | 1.18 | 79.76 79.76 64 122 | 97.11 97.10 64 | 36 | 5.66 | 86.23 86.20
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population (in thousands) of 284 municipalities of
Sweden. Using this data a population with N=27 was
generated by combining the adjacent 10 units and
allocating them to the respective psus. From the Npsus
a sample of n=21 psus each of size M =10 was drawn
using srswor. The whole population was divided into
three domains. Different values of 8, were considered

for each psu in each domain and various combinations
of C,, C,, and C,, were considered. The percentage
reduction in expected cost of y,,.,¥,, .V, OVery,,

along with optimum values of sample sizes for different
values of C,, C,, and C;, are given in Table 1 for
domain 1, in Table 2for domain 2 and in Table 3for
domain 3. Two values of CV i.e. 5% and 10% were
considered.

4. RESULT AND DISCUSSION

A close perusal of Tablesl to Table 3reveals that
the %RIEC is maximum in estimator y,, followed by

the estimator y,, , and it is least in the estimator y,,, .

In almost all the three estimators the %RIEC
increases with the increase in the cost per unit of
collecting the information by expensive method after
the first attempt to obtain information failed. A close
perusal of all the tables shows that all the estimators of
domain mean in the presence of nonresponse, based on
sub-sampling of the non-respondents, when domain
size is known in advance, are better than an estimator
based only on the interview method and having 100%
response at the second stage. Among all three estimators,
for all the domains, %RIEC is maximum in estimator
¥,, followed by the estimator y,, ,and itis least in the

The %RIEC is maximum for the

estimator y,,. because the nonresponse is minimum in

estimator ¥, .

this estimator.

5. CONCLUSION

It is visible from the results from all the table that
proposed estimator performs better than the control
estimator as well as the estimator developed by Aditya
(2016) with respect to %RIEC. It is worthwhile to
mention that the results agree with Durbin (1954) i.e.
sub-sampling will show a marked profit if C;, is not
large as compared to (C,, + C,,W,,), where W, , is the
response rate. Hence,it can be concluded that all the

proposed estimators are more efficient than the existing
estimators in the presence of nonresponse under two
stage sampling design when the objective of the study
is to estimate the domain mean.

Practical Applicability and Limitation

The proposed estimator is suitable for real world
surveys where limited follow-up is preferred due to
budget, time, or logistical constraints. However, its
effectiveness relies on the practical feasibility of follow-
up for the selected sub-sample and the availability of
reliable cost information for accurate optimization.
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