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SUMMARY

The aim of this paper is to introduce hierarchical clustering for bivariate circular or toroidal data. Here a mixture model approach is used as for model
based clustering. Here, the clustering is performed in two stages, the first stage being based on the marginal distribution of one of the circular variables
and the second stage being based on the conditional distribution of the other variable given the former. In particular, two types of such mixture models
are constructed. A real life application on gene data is made to illustrate the use of the proposed approach. Comparison of the two models is also done

based on this example.
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1. INTRODUCTION

In many emerging real-life situations, it is quite
common to encounter data on possibly two dependent
or bivariate circular random variables, i.e data on the
surface of the torus ' x S'.Popular examples of such
data on the torus include wind directions measured at
two time points of the same day and at the same location
over the four seasons, gene expression microarray of
circadian-related genes in two tissues, etc. Not much
literature is available for distance based or model
based clustering for such data. Although recently, [12]
has introduced model based clustering methods for
clustering toroidal data. The method is illustrated shortly
in Section 4. In this paper, our aim is to further develop
other model-based clustering methods for toroidal data.
Here we introduce a hierarchical method for clustering
toroidal data in Section 5. This method is model based
clustering and is mainly performed in two stages. The
first stage involves the formation of the initial clusters
based on the mixture model of the marginal distribution
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of one circular variable. After the formation of the
initial clusters, the next stage involves the formation
of sub clusters of each of the initial clusters obtained.
This stage uses the conditional distribution of the other
circular variable given the former. Two mixture models
are adopted here. In Sub section 5.1, the process of
estimation of the parameters of the distributions under
Model 1 and Model 2 for the first stage clustering are
discussed. In the first stage of Model 1, the marginal
distribution considered is that of the popular von-Mises
distribution. The first stage of Model 2 is based on the
marginal distribution of the sine version of the popular
bivariate von-Mises distribution. The process of
estimation of parameters for the second stage clustering
1s described in Subsection 5.2, where for Mode 1, the
conditional distribution of the other variable given the
previous is taken as another von-Mises distribution and
Model 2 is based on the conditional distribution of the
same bivariate distribution as taken for the first stage. In
Section 6, the technique of allocation of observations to
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the clusters is described. The methods for determining
the optimum number of clusters is given in Section 7.
A real life application on gene data is made to illustrate
the use of the proposed approaches in Section 8. The
comparison of the performance of the clustering under
the two models is illustrated in Section 9. Finally, some
concluding remarks are presented in Section 10 and
some acknowledgement is given in Section 11.

2. MODEL BASED CLUSTERING ON THE
TORUS

A mixture model approach based on the joint
distribution of the two circular variables was introduced
in [12] for model-based clustering of toroidal data. We
considered two possible situations. In the first situation,
we considered the marginal distribution of one of the
circular variables to be the popular univariate von-
Mises distribution. The joint distribution for the
component in the mixture model was then formulated
using the conditional distribution of the other circular
variable given the first. Next we considered the
situation where we adopted the popular bivariate von-
Mises distribution, as both its conditionals (but not the
marginals) are the popular von-Mises distributions.
Expectation-Maximization (EM) algorithm is used
for estimating the various parameters of the mixture
distributions. The convergence of the EM algorithm
was ensured for the mixture models used as proved
in [15] and also later extended in [8]. On convergence
of the algorithm, the observations are allocated to
the clusters according to the maximum conditional
probability of membership. The methods for the
optimum number of clusters is determined using the
usual AIC and BIC criterion. It appeared from the
clustering plot of the optimum number of clusters that
there are more number of clusters due to the positioning
of the two circular variables on the planar scale. But
using the fact that the points on the left and right side
of the X-axis for one circular variable and the top and
the bottom edges of the Y-axis of the other variable are
within close proximities, it was quite clear that actually
the optimum number of clusters only is obtained in
the plot. A measure for homogeneity of clusters based
on a notion of distance for the toroidal topology was
introduced. Smaller the distance, the better was the
cluster homogeneity defined. A real life application on
data of genes of heart and liver tissues was made of

the above proposed approaches. The objective of this
clustering could be helpful for the doctors to identify
the genes related to heart and liver tissues which are
similarly affected so that they can accordingly conduct
the required proper treatment. Finally, a comparison of
the performance of the two models was also done. The
optimum number of clusters obtained under both the
models was 4. Model 2 performed better than Model 1
for the clustering of the above data both in terms of
the usual BIC and AIC criterion. The later model also
performed better in terms of cluster homogeneity as it
yielded smaller average toroidal distance measure as
introduced in [12].

3. HIERARCHICAL CLUSTERING

A hierarchical method for clustering toroidal
data is introduced here. This method is model based
clustering and is mainly performed in two stages. The
first stage involves the formation of the initial clusters
based on the mixture model of the marginal distribution
of one circular variable. After the formation of the
initial clusters, the next stage involves the formation
of sub clusters of each of the initial clusters obtained.
This stage uses the conditional distribution of the other
circular variable given the former. Two mixture models
are adopted here.

3.1 First stage clustering

The first stage clustering is based on the mixture
model of the marginal distribution of one of the circular
variables say, 6.

3.1.1 Model 1

Suppose the marginal distribution of 8, is specified,
e.g. as a von-Mises distribution with mean direction u
and concentration parameter x. Then the distribution of
0, is given by

10) = 5o expliostf ) (1)

The first stage clustering is based on the mixture
model

ROw) =2 mf;(6,:m) )

where p denotes the number of mixture components,
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= (U e ,K) s W = (', Ty <since no=1- " . .
o (U peeesbl s )'s W = (' T, ) , >z c08{0,—,} 1.(0)
> nj> denotes the parameter vectors of the mixture R, =il and A(x) = 11( ) (8)
J=1 n K
0

model, n; = ), (G =1..p) denotes the parameter

vector of the j”' component of the mixture model and

f(Osm) = 2L, (9

3.1.2 Estimation of parameters in Model 1

explcos {0, ~ 1] 3)

We use EM algorithm to estimate the parameters of
the mixture model. Let z,; be an indicator variable
1 if 6, comes from the jth component of the

s = mixture
ij
0 otherwise
Using the complete data vector (zl.jﬂl.)’, the

complete data log-likelihood function for v is given by

L) =33 z,Inf (O

=1 j=1

n 4
=—nln2x —nln (k) + 21: 21: z; | kcos {0, —,uj}]

=1 j=
“4)
If the zij’s are observable, then the MLE of T; is

simply given by 7= Z z;/n.
i=1

The likelihood equations for estimating the
parameters 4, (j = 1....,p), k) respectively are given as

i%ij[fcsin{@i—,&j}] =0 5)
L . nl (k) d
Z;jz] cos{0, — i}~ Iol(;c) =0, (11(x)=% 0(;«))

(6)

Hence solving the likelihood equations (5) and (6),

the maximum likelihood estimators of the parameters
are given by

= arctan (0,)  j=1,.,p

where

B Zl: z;;8in 0,

0,== (7

and arctan” defines the quadrant specific angle as
given in [3].

k=A"(R,) where

The steps of the EM algorithm are presented as
follows:

Step 1: A random sample of size of the number
of components p generated from uniform distribution
over the range of the given data on the circular variable
is taken as the initial estimate of the component mean
direction u. The mixing proportions z are initialized as
a random sample of size p from a Dirichlet distribution
with shape parameter 1. The initial estimate of the
concentration parameter x is generated from uniform
distributions ranging from 0 to the value of the sample
concentration of the circular variable.

Step 2: The marginal distribution used in Stage 1
that is the von-Mises density given by(1) is computed
for the observed circular data 6, using the initial values
of the parameters for each of the p mixture components
obtained in Step 1.

Step 3: The product of the mixing proportions «
and the densities obtained in Step 2 are calculated for
each component.

Step 4:The initial values of the indicator variable
z;; are obtained by dividing the product obtained for
each j’h component in Step 3 by the sum of the products

of all the components.

Step 5: In the first iteration & = 1, the mixing
proportions 7; for each j’h component are estimated by
the mean of the initial values of z;; for the corresponding

jth component obtained in Step 4.

Step 6: In the first iteration £=1, the mean direction
K and concentration parameter x are estimated by the
solutions given by (7) and (8) substituting the initial
values of zZ; obtained in Step 4.

Step 7: The log-likelihood equation given by
(4) is calculated substituting the initial values of z; >
the observed circular data 6, and the estimates of the
parameters obtained in Step 6.

Step 8: The Steps 2 to 7 are repeated until the
difference between the values of the log-likelihood
function of two consecutive iterations changes by an
arbitrary small amount.
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3.1.3 Model 2

Here the bivariate circular data (0,,4,), i = 1,....n
is assumed to follow the sine model version of the
bivariate von-Mises distribution whose probability
density function (See [14]) is given by

f(0,¢) = Cexpix, cos (0 — u) + Kk, cos (¢ —v) +
Asin(6 — u) sin (¢ — v)} 9)

where C is the normalizing constant given by

2n 2n
= fo fo exp{x,cos(0—u) + x,cos(¢—v) +

Asin(0—pu) sin(¢—v)} dfdg (10)
The marginal distribution of @ is given by
h(0) = C.2xl (r)exp {x,cos(0—u)} (11)

where k = '\/K; + Msin®(0 — p).
Thus the first stage clustering is based on the
mixture model

P

LO) = mf(0;5m) (12)
=1

where p denotes the number of mixture components

n= wl,...,,up,zcl,xl.j), y=('m,..1, ) (since m,=

-1
=2

model = (. K0.5;) s (G=1,..,p, i=1,..,n) denotes the
parameter Vector of the j i component of the mixture
model and

1;0;5m;) = Cj.27r10(1cl.]) exp[x,cos{t,—u;}]1  (13)

3.1.4 Estimation of parameters in Model 2

nj> denotes the parameter vectors of the mixture

We use EM algorithm to estimate the parameters of
the mixture model. Let zZ; be an 1nd10ator variable
1 ifo, comes from the j* component of the

_ mixture
Zij
0 otherwise
Using the complete data vector (z 0.),

complete data log-likelihood function for y 1s given by

Ly) =222 7;nf;(0:n))

=1 j=1
P

= nln2z + Z] Zl Z; [1nC]. + In [O(Kij) +

= J=
chos{ﬁ.—,uj}] (14)
If the z;; ’s are observable then the MLE of T; 18

simply given by 7 ;= Z z;/n.

The likelihood equations for estimating the
parameters yj,(j =1,...,p) and x, respectively are given

as
onC, olnl(x;
—L+>"z, 0(")+fclsin(0.—/¢.) =0
a ) — 1y a ) ! J
’uj = K
p oln/(x; ) )
6 +ZZ i [ + cos(0, —,uj)]=0
Kl =1 j=1 1

1s the posterior probablhty that the i member
of the sample with observed value 6, belongs to the ;" ]
component of the mixture.

We get the maximum likelihood estimates of the
parameters by solving the above likelihood equations.
However, we do not get any closed form expressions
for the estimators from the likelihood equations. So,
we use the ”optim” function in R software to maximize
the log-likelihood function given by (14) and provide
suitable initial values to obtain the MLEs of the
parameters.

The MLE of x; can be obtained by plugging in
its expression, the estimates of K and x, obtained by
solving the above equations.

The steps of the EM algorithm are presented as
follows:

Step 1: Tworandom samples of size of the number of
components p generated from uniform distribution over
the range of the given data on the two circular variables
are taken as the initial estimates of the component mean
directions u and v respectively. The mixing proportions
r are initialized as a random sample of size p from a
Dirichlet distribution with shape parameter 1. The
initial estimates of the concentration parameters x, and
x, are generated from uniform distributions ranging
from 0 to the value of the sample concentration of the
two circular variables respectively. The initial estimate
of the interaction parameter A is taken as the circular
correlation between the two circular variables.

Step 2: The normalising constant for the marginal
distribution in Stage 1 given by (10) are computed for
each component of the mixture distribution.

Step 3: The initial value of the concentration
parameter x of the marginal distribution used in Stage 1
given by (11) is calculated from its relation with x,, 4
and u for each j component using their corresponding
initial values obtained in Step 1.



Ashis SenGupta and Moumita Roy / Journal of the Indian Society of Agricultural Statistics 249260 253

Step 4: The marginal distribution used in Stage 1
given by (11) is computed for the observed circular data
0, using the initial values of the parameters obtained in
Steps 1 and 3 and the normalising constants obtained in
Step 2 for each of the p mixture components .

Step 5: The product of the mixing proportions 7
and the densities obtained in Step 4 are calculated for
each component.

Step 6: The initial values of the indicator variable
z;; are obtained by dividing the product obtained for
each jth component in Step 5 by the sum of the products
of all the components.

Step 7: In the first iteration & = 1, the mixing
proportions ; for each j’h component are estimated by
the mean of the initial values of z;; for the corresponding
J component obtained in Step 6

Step 8: In the first iteration £ =1, the mean direction
M, V;. K Kpand A are estimated by maximising the log-
likelihood function given by (14).The ”optim” function
in R software is used for its maximisation by supplying
the initial values of the parameters obtained in Steps 1
and 3 and the normalising constants obtained in Step 2
for each of the p mixture components.

Step 9: The Steps 2 to 8 are repeated until the
difference between the values of the log-likelihood
function of two consecutive iterations changes by an
arbitrary small amount.

The E-step of the EM algorithm on the (k+1)™
iteration requires
_ _ _ (K
By of210) = Pz = 116) = 2
(K)£( 7247 (F)
AT
A0,
The M-step on the (k+1)"

s j=1..pi=1,.,n

iteration requires

replacing each z;. by 2% in (*) to give n(k D= Z z (k)/n

j=1..p.

The M-step also requires the computation of ,u(k)
G=1..p), K(k) and K(k) which involves replacing z;;
by z,; (k) in the likelihood equations for the estlmators
where the parameters with upper suffix £ denote the

estimators of the parameters at the K™ iteration.

The E and M-steps are alternated repeatedly, as
in the case of Model 1, till the convergence of the
sequence of the log-likelihood values.

3.2 Second stage clustering

Suppose ¢ clusters are obtained in the first stage.
The next step is to cluster the observations of each of
those ¢ clusters using the mixture model based on the
conditional distribution of the other circular variable ¢
given the previous variable 6.

3.2.1 Model 1

Consider the conditional distribution of ¢, given 6,
as a von-Mises distribution with mean direction v(6)
and concentration parameter p (6),where

E($]0) = v(6) = v + 2arctan($0) (mod2x)

We assume for simplicity p(6) = p to be constant
independent of 6.

The second stage clustering is based on the mixture
model

P
L$|0) =D 4f(8,10,m,) (15)
Jj=1
where p denotes the number of mixture components,
= Gyl v = (1 yiy) (since

Xp = 1—2 Xj) denotes the parameter vectors of the

mixture model n = ﬁ p)’ (j =1,...,p) denotes the
parameter vector of the ] ' component of the mixture
model and

G0m) = o

2arctan(f;0,)}] (16)

Note that here we substitute the values of 6, of the
q clusters obtained in thefirst stage.

exp[pcos{g, —v; -

3.2.2 Estimation of parameters in Model 1

We use EM algorithm to estimate the parameters of
the mixture model. Let Vij be an indicator variable
1 if(¢,;|0,) comes from the j’h component

_ of the mixture
Yij

0 otherwise
Using the complete data vector (y;;.¢;)the
complete data log-likelihood function for wis given by
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L) =3y, nf@l0m,)

—1 -1
n p

=-—nln2r—nlnlyp) + > Zyij [pcos{¢l.*vj*
=1 =1

2arctan(ﬂj 0.)} ] (17)

Note that here n denotes the number of observations
of each of the ¢ clusters obtained in the first stage.

If the y;.’s are observable, then the MLE of £, is
simply given by /Alj => i /n.
i=1

The likelihood equations for estimating the

parameters v;, (j = 1. .. ,p), p and ﬁj G=1..p)
respectively are given as

;5’ij[ﬁSin{¢i —f/_/-—2arctan(ﬂj el.)}] =0 (18)
n Pl j}ij COS{¢,-—fij —2arctan(ﬂj 0:')} — %(;p))_

(19)
Z ¢, psin{g;—v,—2arctan(8,0,)}| =0 (20)

Hence solving the likelihood equations(18),(19)
and(20),the maximum likelihood estimators of the
parameters are given by

0

=1 j=

f)j = arctan*(éz) j=1..p
P ; sin{g, —Zarctan(ﬁjei) )
where 92 = ’:l @1

> ¥y, cosig, —2arctan(ﬁj6i)}
i=1
p=A4"'(R,) where

nop
Z j/ijCOS{gbi _\A/j —Zarctan(ﬂ]. 91‘)}
=1_j=1 ;

R,=" (22)
n

The steps of the EM algorithm are presented as
follows:

Step 1: A random sample of size of the number
of components p generated from uniform distribution
over the range of the given data on the circular
variable is taken as the initial estimate of a part of the
component mean direction v and a random sample of
size p generated from a standard normal distribution is
taken as the initial estimate of § as another part of the
component mean direction. The initial estimate of the
concentration parameter p is generated from uniform

distributions ranging from 0 to the value of the sample
concentration of the circular variable. The mixing
proportions 7 are initialized as a random sample of size
p from a Dirichlet distribution with shape parameter 1.

Step 2: The conditional distribution used in
Stage 2 that is the von-Mises density given by (16) is
computed for the observed circular data (¢,(6;) (for
each cluster obtained in Stage 1) using the initial values
of the parameters for each of the p mixture components
obtained in Step 1.

Step 3: The product of the mixing proportions =
and the densities obtained in Step 2 are calculated for
each component.

Step 4: The initial values of the indicator variable
Y;; are obtained by dividing the product obtained for
each j’h component in Step 3 by the sum of the products
of all the components.

Step 5: In the first iteration k=1, the mixing
proportions 7; for each jth component are estimated by
the mean of the initial values of y, ; forthe corresponding

j”’ component obtained in Step 4.

Step 6: In the first iteration £ = 1, the mean direction
v; and concentration parameter p are estimated by the
solutions given by (21) and (22) substituting the initial

values of Vij obtained in Step 4.

Step 7: The estimate of the parameter £ is updated
by maximising the log-likelihood function using
the ”optim” function in R software by putting in the
estimates of the other parameters for each iteration.

Step 8: The log-likelihood equation given by (17)
is calculated substituting the initial values of y, > the
observed circular data (¢, |0;) and the estimates of the
parameters obtained in Steps 6 and 7.

Step 9: The Steps 2 to 8 are repeated until the
difference between the values of the log likelihood
function of two consecutive iterations changes by an
arbitrary small amount.

3.2.3 Model 2

Here the conditional distribution of ¢ given 8 is
circular normal with mean direction
Asin(6—u)

Ky

m = arctan and concentration parameter

k= \[ i+ A2sin(@ — u) i the probability density
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function is nl (k)
1
>3, e08td i~ Lo =0 o (105 = P )
g(910) = exp{x cos(p—m)} 0
271, (k) 7)

The second stage clustering is based on the mixture
model

»
f$16:w) = ,Z; . f;(8;16;5m,) (23)
where p denotes the number of mixture components,
n= (ml,...,mp,xl,...,xp), y = (n’,al,...,ap_l) (since o,
= I—Z aj) denote the parameter vectors of the mixture

model 1, (m k), (= 1..p) denote the parameter

vector of the ;' component of the mixture model and

[@,10,:m,) = exp{icos(@,~m)}  (24)

27r]0(1cj)

Note that here we substitute the values of 6, and
the estimators of ,uj,zcl,/l of the ¢ clusters obtained in
the first stage.

3.2.4 Estimation of parameters in Model 2

We use EM algorithm to estimate the parameters of
the mixture model. Let Vij be an indicator variable

1 if(¢,;|0,) comes from the jth component

_ of the mixture
Yij
0 otherwise
Using the complete data vector (y;.¢;), the

complete data log-likelihood function for y is given by

L) =5 v, nf@l0m,)

=1 j=1

=—nln27r—ZlnIO(K)+ZZyU[KCOS{¢—

=1 j=1
m}] (25)
If the y;;” s are observable, then the MLE of a; is
simply given by a,= Z Y;;/n.
’ i=1

The likelihood equations for estimating the
parameters (m;, k;, (j=1,...,p)) respectively are given
as

i:j/ij [fcjsin{¢i _m]}}] =0 (26)

Hence solving the likelihood equations (26)
and (27), the maximum likelihood estimators of the
parameters are given by

Z V,; sing,
n‘qj=arctan*(¢ D Jj=1..p where ¢ = N om—
>) Vi €osg;
i=1
(28)

and arctan” defines the quadrant specific angle as
given in [3].

Zyl.jcos{qﬁl.—rﬁj}

k= AY(R) where R = = p and
A(x;) = Atg) (29)
o(K )

The steps of the EM algorithm are presented as
follows:

Step 1: The initial values of the mean direction m
and the concentration parameter x of the conditional
distribution used in Stage 2 for each component are
obtained from their relations with the final estimates of
the parameters u, x, and 4 obtained for each cluster in
Stage 1. The mixing proportions 7 are initialized as a
random sample of size p from a Dirichlet distribution
with shape parameter 1.

Step 2: The conditional distribution used in
Stage 2 that is the von-Mises density given by (24) is
computed for the observed circular data (¢,(6;) (for
each cluster obtained in Stage 1) using the initial values
of the parameters for each of the p mixture components
obtained in Step 1.

Step 3: The product of the mixing proportions z
and the densities obtained in Step 2 are calculated for
each component.

Step 4:The initial values of the indicator variable
Vij are obtained by dividing the product obtained for
each /" component in Step 3 by the sum of the products
of all the components.
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Step 5: In the first iteration k=1, the mixing
proportions 7; for each j’h component are estimated by
the mean of the initial values of Vij for the corresponding
i i component obtained in Step 4

Step 6: In the first iteration £ = 1, the mean direction
m; and concentration parameter ; are estimated by the
solutions given by (28) and (29) substituting the initial
values of y, y obtained in Step 4.

Step 7: The log-likelihood equation given by (25)
is calculated substituting the initial values of Vijo the
observed circular data (¢, |0,) and the estimates of the
parameters obtained in Step 6.

Step 8: The Steps 2 to 7 are repeated until the
difference between the values of the log-likelihood
function of two consecutive iterations changes by an
arbitrary small amount.

4. CLUSTER ALLOCATION IN
HIERARCHICAL CLUSTER-ING

4.1 First stage clustering

Suppose there are n observations on the circular
randomvariable 6,,i=1,...,n. Our objectiveis to allocate
these n observations into p homogeneous groups or
clusters. We assume that each component of the mixture
model to be fitted characterizes the corresponding
cluster. In the E-step of the EM algorithm, a (nxp)
matrix is created whose i row contains estimates of
the conditional (on the current parameter estimates)
probabilities that the i” observation 0, belongs to
the jth mixture component, i.e. cluster j, (=I,...,p).
On convergence, the i" observation is assigned to
the cluster j for which the conditional probability of
membership given by

__m0sh)
ilj p A .
121: 7,f,(0,50,)

is the largest.

4.2 Second stage clustering

Similar to the first stage, here also we need to
allocate the n observations on the circular random
variable ¢,, i=1,...,n into p clusters. We assume that
each component of the mixture model to be fitted
characterizes the corresponding cluster. In the E-step
of the EM algorithm, a (n*p) matrix is created whose

i" row contains estimates of the conditional (on the

current parameter estimates) probabilities that the i
observation ¢, belongs to the j’h mixture component, i.e.
cluster j, (j = 1,...,p).On convergence, the i” observation
is assigned to the cluster j for which the conditional
probability of membership given by

(@:10,50,)
Zm«& 16,:7,)

l. .

is the largest.

5. CHOICE OF OPTIMUM NUMBER OF
CLUSTERS

An important question that arises is how to decide
on a reasonable value for the number of clusters. One
solution can be obtained by using Bayesian information
criterion (BIC) which is given by

BIC= —-2InL,, + Penalty

=—-2InL, =+ In(n) x number of parameters
estimated

=-2InL, . + (ptl)In(n) in case of Model 1
(Stage 1)

=-2InL, + (2p+3)In(n) in case of Model 2
(Stage 1)

=—-2InL,, + (2ptl)In(n) in case of Model 1
(Stage 2)

==2InL, + 2pln(n) in case of Model 2 (Stage 2)

In order to decide on the number of clusters, we
choose that value of p for which the BIC is minimized
([8] and[5]).Another solution can be obtained by
minimizing Akaike information criterion(AIC) given
by

AIC=-2InL, . + 2 * number of parameters
estimated
=—2InL,  +2.(p+1)in case of Model 1 (Stage 1)

=-2InL,,,
=-2InL,,,
=-2InL,

+ 2.(2p+3) in case of Model 2(Stage 1)
+2.(2p+1) in case of Model 1 (Stage 2)
o T 2.2p in case of Model 2 (Stage 2)

6. EXAMPLE

[7] present paired observations on the peak
expression times or phases (from a micro array
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experiment) for 38 circadian related genes common to
both heart and liver tissues in vivo. This is a popular
dataset and we illustrate our methodology through this
example. Identification of clusters for these genes can
be of interest since the effect of drugs for heart-liver
problems may be similar for the genes within each
cluster. Here we restrict the number of clusters to at
most 6, to avoid sparse clusters due to the size of the
data.

6.1 Application of Model 1

The values of BIC and AIC calculated for different
values of p for the two stages of clustering in are shown
in the following tables 1 and 4 respectively.

Table 1. The values of BIC and AIC for Stage 1

Table 2. Cluster Allocation (Stage 1)

Cluster Number

No. of Observations

Observation Number

1 4 10-13
2 14 14-27
3 20 1-9,28-38

No. of Clusters BIC AIC
2 86.48572 81.57296
3 72.60717 66.05682
4 93.76087 85.57294
5 79.88234 70.05683
6 83.51993 72.05683

It can be observed from Table 1 that the BIC and
the AIC criterion are minimum for p=3 clusters as
shown in Fig.1.

Then following the clustering technique as
described before, the 38 observations are assigned to
the 3 clusters as displayed in Table 2.

85 90
| |

BIC

75

Number of clusters

Fig. 1. Plot of BIC for first stage clustering for phase in heart under
Model 1

Table 3. Results from EM Algorithm for the optimum number of
clusters (Stage 1)

No. of n N N
Iterations “ i T BIC
2.38590964 0.08745852
111 —2.41876525 4281714 0.38069268 72.60717
—0.04568916 0.53184880

It can be observed from Table 4 that the BIC and
the AIC criterion are minimum for p = 2 clusters for the
cluster 1 obtained in Stage 1. For cluster 2 obtained in
Stage 1, the BIC and the AIC criterion are minimum for
p =2 clusters but observations are allocated in only one
cluster due to one of the small mixing proportions. The
next minimum are for p = 3 clusters but that also suffers
from the same problem as for p = 2 clusters. The next
minimum are for p = 5 clusters but again observations
are allocated only in 3 clusters. Hence, the optimum
number of clusters here is taken as 3 as the differences
between the BIC and AIC values corresponding to
p=3 and p =5 are quite small (as can be seen from
Fig. 2) although the observations are allocated in only 2
clusters due to one of the small mixing proportions. For
cluster 3 obtained in first stage, the minimum AIC and
BIC values are obtained for p = 6 clusters.

Table 4. The values of BIC and AIC for Stage 2

Cluster
no. in Cluster 1 Cluster 2 Cluster 3
Stage 1
No.of 1 gyc AIC BIC AIC BIC AIC
Clusters
2 1.438447 | 4.506975 | 40.55766 | 37.36237 | 71.54768 | 66.56902
3 18.29015 | 22.58609 | 98.35981 | 93.88641 | 44.12541 | 37.15528
4 88.93583 | 94.45918 | 208.2556 | 202.504 | 56.18758 | 47.22599
5 - - 103.2881 | 96.25847 | 83.98067 | 73.02761
6 - - 528.9134 | 520.6057 | 33.78317 | 20.83865

Thus the allocation of the observations to the sub-
clusters in Stage 2 are shown in Table 5 below.
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Table 5. Cluster Allocation (Stage 2)

Table 7. The values of BIC and AIC for Stage 1

Table 6. Results from EM Algorithm for the optimum number of
clusters (Stage 2)

Cluster No. of . N P
Number | Iterations v p s BIC
1 21 —0.7024817) | 66.98927 0.6342904 1.438447
1.5386203 0.0119862
2 84 -0.5603809\ | 8.785871 | [ 500669.099318) | 40.55766
—0.2043977 —0.742157
3 194 0.5541931 | | 22.59374 | [—0.34930741| | 33.78317
—0.9237106 —0.08928988
—2.4443983 1.33086609
1.2368153 —0.16403511
0.7772537 1.42497165
—0.2896228 1 —0.48611296 /

6.2 Application of Model 2

The values of BIC and AIC are calculated for
different values of p for the two stages in the following
tables 7 and 10 respectively.

Cluster 1 Cluster 2 Cluster 3

500
I

400
L

300
L

BIC
BIC

40
I

200
L

100
L
=
40
L

o

T T T T T T T T T T T T T T T
20 25 30 35 40 2 3 4 5 6 2 3 4 5 6

Number of clusters Number of clusters Number of clusters

Fig. 2. Plot of BIC for second stage clustering of clusters 1, 2 and 3
respectively obtained in first stage for phase in liver under Model 1

Cluster Sub-Cluster No. of Observation No. of Clusters BIC AIC
Number Number .
In St 1 In St 2 Observations Number
h Stage n Stage 2 149.2601 137.797
1 1 1 13
2 3 10-12 3 156.9873 142.249
5 ! N 14-18,20-23,27 4 159.7166 141.7032
2 4 19,24-26
1 4 1.4.6.30 5 173.0366 151.748
2 1 35
3 X 3 It can be observed from Table 7 that the BIC and
3 4 5 2.9.32-3338 the AIC criterion are minimum for p=2 clusters as
5 5 7-8,28-29,34 shown in Fig. 3.
6 4 3,31,36-37 Then following the clustering technique as

described before, the 38 observations are assigned to
the 3 clusters as displayed in Table 8.

Table 8. Cluster Allocation (Stagel)

Cluster Number No. of Observations Observation Number

1 11 8-9,17-25

2 27 1-7,10-16,26-38

Table 9. Results from EM Algorithm for the optimum number of
clusters (Stage 1)

No. of . R .
Iterations H Ky T BIC
—1.302621 0.4682564
i ( 1.663844 ) ‘ ( 0.5317436 ) 149.2601

Table 10. The values of BIC and AIC for Stage 2

Cluster no. in Stage 1 Cluster 1 Cluster 2
No. of Clusters BIC AIC BIC AIC
2 40.96793 | 39.37635 | 106.7313 | 101.5479
3 45.7637 | 43.37633 | 113.3812 | 105.6061
4 50.55951 | 47.37635 | 119.9716 | 109.6049
5 55.3553 | 51.37634 | 126.5895 | 113.6311
6 60.15107 | 55.37633 | 133.1594 | 117.6093

It can be observed from Table 10 that the AIC
and BIC values are minimum for p = 2 clusters for
both the clusters 1 and 2 obtained in Stage 1. But the
observations are allocated in only one cluster in Stage
2 for both the clusters in Stage 1.

Thus the allocation of the observations to the sub-
clusters in Stage 2 are shown in Table 11 below.
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Fig. 3. Plot of BIC for first stage clustering for phase in heart under

Model 2
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Fig. 4. Plot of BIC for second stage clustering of clusters 1 and 2
respectively obtained in first stage for phase in liver under Model 2

Table 11. Cluster Allocation (Stage 2)

Cluster Sub-Cluster No. of Observation
Number Number Observations Number
In Stage 1 In Stage 2
1 1 11 8-9,17-25
2 1 27 1-7,10-16,26-38

Table 12. Results from EM Algorithm for the optimum number of
clusters (Stage 2)

Ctlus- No. of
Ner Itera- Iﬁ l; 7} BIC
um- .
tions
ber
1 59 2.62554 1.924783¢—05)\ | [ 2.841376¢—05) | 40.96793
—3.0040 1.537110e+00 | | | 9.999716e—01
2 199 ~2.8752806 0.02172818 0.1454958 106.7313
-0.2591533 0.62619506 0.8545042

7. COMPARISON OF PERFORMANCE OF
THE CLUSTERING UNDER MODELS 1
AND 2

The performance of the clustering is assessed
through the computation of the AIC and BIC values
using the maximum values of the complete log-
likelihood function of all the parameters of both the
stages of clustering. The maximum complete log-
likelihood function is based on the independent sums
of the products of the marginal distribution of the first
variable used in the first stage and the conditional
distribution of the second variable given the first
variable used in the second stage of clustering. The
observations allocated to the optimum number of
clusters and the estimates of the parameters obtained
in the optimum number of clusters are substituted to
obtain the maximum log-likelihood function. Thus
from equations (4) and (17), the estimated complete
log-likelihood function under Model 1 substituting the
EM algorithm estimates is given by

Py

Lmax= Z

=

- }}] ;ZZ [—n2kln27r = ny Infy(p) + liy,d {ﬁcos{qﬁk—%l
,1 :1
— Darctan(f O} }]

Also from equations (14) and (25), the estimated
complete log-likelihood function under Model 2
substituting the EM algorithrn estimates is given by

[—nljln 2=y InIy(R)+ 3z, {keos {6,
=1

(30)

Py
Lmax = Z “”1 In27z + Z {lnC + In/ (%, ) +
=1

K,cos{l, — ,&j}} Z [—n2k1n27t - Zz: Yu {fclcos{qjk -
na,}}” (31)

where p, and p, denote the optimum number of
clusters in Stages 1 and 2 respectively, n, and ny, denote
the number of observations in the ]’h and %" cluster in
Stages 1 and 2 respectively.

For the above data on genes of heart and liver
tissues, substituting the values of p,=3 and p,=2,2,6
and the EM algorithm estimates of the parameters from
Tables 3 and 6 for Model 1, its values of AIC and BIC
of Model 1 are obtained below. Similarly, substituting
the values of p,=2 and p,=1,1 and the EM algorithm
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estimates of the parameters from Tables 9 and 12 for
Model 2, its values of AIC and BIC are also obtained in
the following table.

Table 13. The values of BIC and AIC for the complete model

Model 1 Model 2
BIC AIC BIC AIC
-9525.029 -9542.625 -4784.684 -4794.984

It can be observed from Table 13 that Model 1
yields smaller values of AIC and BIC than Model 2.
Hence the performance of the clustering under Model 1
can be preferred to that under Model 2.

8. CONCLUDING REMARKS

The newly introduced method of hierarchical
clustering has been applied to the toroidal data on the
peak expression times of the heart and liver tissues
under two mixture models viz. Model 1 and Model 2 as
defined above. The cluster allocations are obtained for
stages 1 and 2 based on the marginal and the conditional
distributions respectively under both models 1 and 2.
The overall performance of the clustering is assessed
by combining the sums of the mixture distributions of
the independent components of the optimum number
of clusters of both the stages under both the models. It
is found that Model 1 performs better than Model 2 in
the clustering technique for the data based on the AIC
and BIC values of the combined sum of the mixture
distributions.
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