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SUMMARY
Here, some series of resolvable global decomposable semi–regular group divisible designs are obtained using difference matrices. A series of 
resolvable rectangular designs based on difference matrix is also provided. A table of resolvable rectangular designs under r, k ≤ 10 is also provided.
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1.	 INTRODUCTION

A block design ( ), , ,D v b r k  is an arrangement of a 
set Xof v treatments into b subsets (blocks) each of size 
k such that each treatment of X appears r times. The 
parameters satisfy the relation .bk vr=

A block design ( ), , ,D v b r k  is resolvable if the b 
blocks, each of size k, can be grouped into r resolution 
(or parallel) classes such that

(i) Each resolution class contains b/r blocks;
(ii) Every treatment is replicated exactly once in 

each resolution class.
Alternatively, if the incidence matrix N of 

( ), , , D v b r k  may be partitioned into sub matrices 

as: ( )1 2| | | rN N N N=  where each ( )1iN i r≤ ≤  is a 
( / )v v k×  matrix such that each row sum of Ni is 1, 

then the design is resolvable.
Example 1:Consider a resolvable design 

( )8,1 2, 6, 4D  whose blocks are written column–wise 

and resolution classes are separated by a vertical line 
as follows:

	

1 2 1 2 1 3 1 3 1 2 2 1
3 4 3 4 2 4 2 4 4 3 3 4

.
5 6 5 6 5 7 5 7 5 6 6 5
7 8 7 8 6 8 6 8 8 7 7 8

Then its incidence matrix N can be partitioned as:

( )1 2 3 4 5 6

1 0 1 0 1 0 1 0 1 0 0 1
0 1 0 1 1 0 1 0 0 1 1 0
1 0 1 0 0 1 0 1 0 1 1 0
0 1 0 1 0 1 0 1 1 0 0 1

| | | | | .
1 0 1 0 1 0 1 0 1 0 0 1
0 1 0 1 1 0 1 0 0 1 1 0
1 0 1 0 0 1 0 1 0 1 1 0
0 1 0 1 0 1 0 1 1 0 0 1

N N N N N N N

 
 
 
 
 
 = =  
 
 
 
 
 
 

Clearly each ( )1 6iN i≤ ≤ is a 8 2×  matrix and 
also each row sum of Ni is one.

A balanced incomplete block (BIB) design is an 
arrangement of v  treatments into b  blocks such that
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(i)	 Every block contains ( )k v<  distinct 
treatments;

(ii)	 Every treatment is replicated r  times and any 
pair of distinct treatments occurs together in 
exactly λ  blocks.

Further, a BIB design is symmetric if .v b=  The 
positive integers: , , , ,v b r k λ  are known as parameters 
of the BIB design and they are connected by the 
relations:

	
( ) ( ) ( )

( )
1

, 1 1 , .
1

v v
bk vr r k v b

k k
λ

λ
−

= − = − =
−

Following Ionin and Shrikhande (2006): the 
method of global decomposition produces an incidence 
matrix of symmetric balanced incomplete block (BIB) 
design as a block matrix with each block being a zero 
matrix or an incidence matrix of the smaller symmetric 
BIB design. They used generalized weighing matrices 
over cyclic groups and generalized Hadamard matrices 
over elementary abelian groups as main tools for the 
constructions of symmetric BIB designs.

Here, the idea of global decomposition is extended 
to group divisible designs and a series of such designs 
is obtained.Some recent constructions of global 
decomposable partially balanced designs are described 
in Saurabh(2026a). A method of construction of 
resolvable rectangular designs is also described using 
difference matrices.

Notations: SRX numbers used here are from 

Clatworthy (1973). nI  is the identity matrix of order n

, v bJ ×  is an v b×  matrix with all entries 1, in particular 

. T
v v vJ J N× =  is the transpose of the matrix 

{ }2 1, 1, , , ,

p
pN C α α α −=

 
is a cyclic group of order p, 

where 1 is the identity element and 

( )
 times





n
p p p

n

EA q p C C C= ≈ × × ×  denotes the elementary 

abelian group of order q and ( )01  0 0 0circβ = …  is a 
permutation circulant matrix of order n  such that 

n
nIβ = . Clearly β  is an orthogonal matrix and hence 

each row and column sum of β  is one and .T
nIββ =

A square block matrix is a block–circulant matrix in 
which each block is a circulant matrix of smaller order. 

Further, if ( )ijA a=
 
is an m n×  matrix and ( ) ijB b=  

is a p q×  matrix, then their Kronecker product A B⊗  
is the mp nq×  block matrix:

11 1

1

.


  



n

m mn

a B a B
A B

a B a B

 
 ⊗ =  
 
 

Some other relevant definitions in the context of 
the paper are as follows:

For each pair of distinct rows: ( )1 2, , , bx x x…  and 

( )1 2, , , by y y…  of a matrix over a multiplicative group, 

the multi–set { }1 : 1, 2, , i ix y i b− = …  denotes their inner 

product. Let ( )1λ ≥  and ( ), 2m n ≥ be positive integers 
and   be a multiplicatively written group consisting 

of m  elements. Then a difference matrix ( ), ;D m n mλ  
is a  m nλ ×  matrix with entries from   such that the 

inner product of any two distinct rows of ( ), ;D m n mλ  
contains each element of   exactly λ  times.

A square difference matrix of order ( )n mλ=  is also 

known as a Generalized Hadamard matrix, ( ) ; GH n m  
over a group   containing m  elements. The groups 

used in this paper are cyclic group pC  and elementary 
abelian group.

Consider an arrangement of v mn=  treatments in 
an m n×  array. A semi–regular group divisible design 
is an arrangement of these treatments in b  blocks, each 
of size k  such that:

1.	 Every treatment appears no more than once in 
a block;

2.	 Every treatment is distributed across exactly r  
blocks;

3.	 Every pair of treatments in the same row of 

the m n×  array occurs together in 1λ  blocks, 
while the remaining pairs of treatments occur 

together in 2λ  blocks;



449Shyam Saurabh / Journal of the Indian Society of Agricultural Statistics 447–455

4.	 1 20, 0.r rk vλ λ− > − =

Further, let N  be v b×  incidence matrix of a block 

design such that ,v v bJ N kJ ×=  which ensures that the 
each column sum of N is k , and satisfies the following 
conditions (i) or (ii):

(i)	 ( )( ) ( )( )
( )

1 1 2

2 .

T
m n m n

m n

NN r I I I J

J J

λ λ λ

λ

= − ⊗ + − ⊗ +

⊗

(ii)	 ( )( ) ( )
( ) ( ){ }

2 2

1 2 .

T
n m n m

n n m

NN r I I J J

J I I

λ λ

λ λ

= − ⊗ + ⊗ +

− − ⊗

The above condition (i) or (ii) ensures that each row 

sum of N  is r  and the concurrence numbers are 1λ  and 

2λ . Hence, N  represents a group divisible design with 

parameters: 1 2, , , , , , ,v mn r k b m nλ λ=  and they satisfy 

the relations: ( ) ( ) ( )1 2; 1 1 1 .bk vr n n m r kλ λ= − + − = −  
For corresponding group divisible association schemes 
or arrangement of v mn=  treatments in the m n×  
array, we refer to Saurabh (2024).

2.	 GLOBAL DECOMPOSABLE GROUP 
DIVISIBLE DESIGNS
Lemma 1 [Gibbons and Mathons (1987)]: The 

existence of a difference matrix ( ), ;D m n mλ  over 
a multiplicative group   of order m  implies the 
existence of a resolvable group divisible design with 
parameters:

2
1 2, , , , 0, ,v m b mn r n k mλ λ λ λ λ= = = = = =

* *, .m m n mλ= = � (1)
Proof: Consider a difference matrix 

( ), ;M D m n mλ=  of order  m nλ ×  over a multiplicative 
group  . Let N be a 2m mnλ ×  matrix obtained from 
replacing the group elements of M  by corresponding 
m m×  permutation matrices. Then using properties of 
permutation matrices, we have

(i)	 ( )2 2 ;
m m mn

J N m J
λ λ

λ
×

=

(ii)	 ( ) ( ) ( ).T
m m m m m mNN n I I I J J Jλ λ λλ λ= ⊗ − ⊗ + ⊗

Hence, N  represents a group divisible design with 
above mentioned parameters (1). Moreover, as each 

row of the permutation matrix sums to unity, the above 
series of designs is resolvable.

Theorem 1:Let p  be a prime. Then there exists 
a resolvable global decomposable semi–regular group 
divisible design with parameters:

3 2 2
1 2, , 0, , , .v b p r k p p m p n pλ λ= = = = = = = =

� (2)

Proof. Let { }2 11, , , ,

p
pC α α α −=

 
be a cyclic 

group of order p  and ( ) 01  0 0 0circβ = …  be a 
permutation circulant matrix of order p  such that 

p
pIβ = .Then, we obtain semi–regular group divisible 

designs with parameters (2) via following steps:

Step 1: Consider the following block circulant 
matrix:

( ) ( )

( ) ( )

2 1

2 22 2 1

1 11 2 1







    



p p p p
p

p

p
p

p pp p
p

I I I I
I

IN

I

β β β

β β β

β β β

−

−

− −− −

 
 
 
 

=  
 
 
 
 

Then, we have

( ) ( )
( )

2 2 ;

.

T
p p p pp p

p p

J N pJ NN p I I I J

J J

= = ⊗ − ⊗ +

⊗

Hence, we obtain a semi–regular group divisible 
design with parameters:

2
1 2, , 0, 1, .v b p r k p m n pλ λ= = = = = = = = � (3)

Moreover, as each row of the permutation circulant 
matrix sums to unity, the designs with parameters (3) 
are resolvable.

Step 2: Replace ( )1, 1 1i i
pI i pβ α→ → ≤ ≤ −  in 

N  to obtain a difference matrix ( ), ; .D p p p  Then, the 

Kronecker product ( ) ( ), ; , ;D p p p D p p p⊗  represents 

another difference matrix ( )2 2, ;D p p p
 
whose each 

internal smaller block represents a ( ), ; .D p p p
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Step 3:Replace ( )1 , 1 1i i
pI i pα β→ → ≤ ≤ −  in 

( )2 , ;D p p p  to obtain a 3 3p p×  symmetric matrix, 
say .M  Then, we have

( ) ( )
( )

3 3 2 2

2

2 2;

.

T
p pp p p p

pp

J M p J MM p I I p I J

p J J

= = ⊗ − ⊗ +

⊗

Hence, we obtain a global decomposable semi–
regular group divisible design with parameters(2) 
whose each internal smaller block matrix of size 

2 2p p×  represents a resolvable semi–regular group 
divisible design with parameters (3).Moreover, as each 
row of the permutation circulant matrix sums to unity, 
the designs with parameters (2) are also resolvable.

Example 2: Let 
3 3 3

2
3

2
3

,
I I I

N I
I

β β
β β

 
 =  
 
 

 where 

( ) 01  0circβ =  is a permutation circulant matrix of 

order 3. Then, we have

( ) ( ) ( )9 9 3 3 3 3 3 33 ; 3 .TJ N J NN I I I J J J= = ⊗ − ⊗ + ⊗

Hence, we obtain a resolvable semi–regular 
group divisible design SR23 with parameters: 

1 29, 3, 0, 1, 3.v b r k m nλ λ= = = = = = = =

Further, replacing 2 2
3 1, ,I β α β α→ → →  in N , 

we obtain

( ) 2

2

1 1 1
3, 3;3 1

1
D α α

α α

 
 =  
 
 

 over a cyclic group 

{ }2
3 1, ,C α α= .

Then the Kronecker product ( ) ( )3, 3;3  3, 3;3D D⊗  
represents ( )9, 9;3D  as given below:

( )

2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

2 2 2

1 1 1 1 1 1 1 1 1
1 1 1
1 1 1

1 1 1
9, 9;3 1 1 1 ,

1 1 1

1 1 1
1 1 1
1 1 1

D

α α α α α α
α α α α α α

α α α α α α
α α α α α α
α α α α α α

α α α α α α
α α α α α α
α α α α α α

 
 
 
 
 
 
 =  
 
 
 
 
 
 
 

whose each internal smaller block represents 

( )3, 3;3D . Further, replacing 2 2
31 , ,I α β α β→ → →  

in ( )9, 9;3 ,D  we obtain a 27 27×  matrix:

	

3 3 3 3 3 3 3 3 3
2 2 2

3 3 3
2 2 2

3 3 3

2 2 2
3 3 3

2 2 2
3 3 3

2 2 2
3 3 3

2 2 2
3 3 3

2 2 2
3 3 3

2 2 2
3 3 3

.

I I I I I I I I I
I I I
I I I

I I I
M I I I

I I I

I I I
I I I
I I I

β β β β β β
β β β β β β

β β β β β β
β β β β β β
β β β β β β

β β β β β β
β β β β β β
β β β β β β

 
 
 
 
 
 
 =  
 
 
 
 
 
 
 

Then, we have

( ) ( ) ( )
27 27

9 3 9 3 9 3

9 ;

9 3 3 .T

J M J

MM I I I J J J

=

= ⊗ − ⊗ + ⊗

Hence, M  represents a resolvable global 
decomposable semi–regular group divisible design 

SR102: 1 227, 9, 0, 3, 9, 3v b r k m nλ λ= = = = = = = =  
whose each internal block matrix represents another 
resolvable semi–regular group divisible design SR23: 

1 29, 3, 0, 1, 3.v b r k m nλ λ= = = = = = = =
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Example 3: Let 

5 5 5 5 5
2 3 4

5
2 4 3

5
3 4 2

5
4 3 2

5

,

I I I I I
I

N I
I
I

β β β β
β β β β
β β β β
β β β β

 
 
 
 =
 
 
 
 

 

where ( ) 01  0 0 0circβ =  is a permutation circulant 

matrix of order 5. Then, we have

( ) ( ) ( )25 25 5 5 5 5 5 55 ; 5 .TJ N J NN I I I J J J= = ⊗ − ⊗ + ⊗

Hence, we obtain a resolvable semi–regular 
group divisible design SR60 with parameters: 

1 225, 5, 0, 1, 5.v b r k m nλ λ= = = = = = = =

Moreover, replacing 2 2
5 1, , ,I β α β α→ → →

3 3 4 4,β α β α→ →  in N, we obtain

( )
2 3 4

2 4 3

3 4 2

4 3 2

1 1 1 1 1
1

5, 5;5 1
1
1

D
α α α α
α α α α
α α α α
α α α α

 
 
 
 =
 
 
 
 

 over a cyclic 

group { }2 3 4
5 1, , , ,C α α α α= .

Then the Kronecker product ( ) ( )5, 5;5  5, 5;5D D⊗  
represents ( )25, 25;5D  as given below:

( )

0 0 0 0 0

0 1 2 3 4

0 2 4 1 3

0 3 1 4 2

0 4 3 2 1

25, 25;5 ,

A A A A A
A A A A A

D A A A A A
A A A A A
A A A A A

 
 
 
 =
 
 
 
 

where each ( )0 4iA i≤ ≤  represents a ( )5, 5;5D , 
where

2 3 4

2 4 3

3 4 2

4 3 2

1 1 1 1 1
1

.1
1
1

i
iA

α α α α
α α α α α

α α α α
α α α α

 
 
 
 =
 
 
 
 

Further, replacing 2 2
51 , , ,I α β α β→ → →

3 3 4 4,α β α β→ →  in ( )25, 25;5 ,D  we obtain a 
125×125 block matrix which satisfies the following:

( ) ( ) ( )
125 125

25 5 25 5 25 5

25 ;

25 5 5 .T

J M J

MM I I I J J J

=

= ⊗ − ⊗ + ⊗

Hence, M represents a resolvable global 
decomposable semi–regular group divisible 
design with parameters: 125, 25, v b r k= = = =

1 20, 5, 25, 5,m nλ λ= = = =  whose each internal block 
matrix represents another resolvable semi–regular 
group divisible design SR60: 25, 5, v b r k= = = =

1 20, 1, 5.m nλ λ= = = =

Theorem 2: Let q be an odd prime or odd prime 
power. There exists a resolvable global decomposable 
semi–regular group divisible design with parameters:

2
1 22 , 2 , 0, 2, 2 , .v b q r k q m q n qλ λ= = = = = = = =

� (4)
Proof:It is known that there exists a difference 

matrix, ( ) [ ] 11 12
, 1, 2

21 22

2 ,2 ; ik i k

D D
D q q q D

D D=

 
= =  

 
 where 

each ikD  is a difference matrix, ( ), ;D q q q  over an 

elementary abelian group ( )EA q  [vide Lemma 1].

Let ( ), 1, 2ikN i k =  be ( )2 2 0,1 q q× −matrices 

obtained by replacing the group elements in ikD  by the 
corresponding q q×  permutation matrices.

Then, 11 12

21 22

N N
N

N N
 

=  
 

 represents a semi–regular 

group divisible design with parameters (3) where each 

ikN  represents a semi–regular group divisible design 
with parameters [vide Lemma 1]:

2
1 2, , 0, 1, .v b q r k q m n qλ λ= = = = = = = = � (5)

Moreover, as each row of q q×  permutation 
matrices sums to unity, the above series (5) of designs 
is resolvable. Hence, we obtain a resolvable global 
decomposable semi–regular group divisible design 
with parameters (4) whose internal smaller block 
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matrices of size 2 2q q×  represents a resolvable semi–
regular group divisible design with parameters (5).

Example 4: Let { }2 3 4
5 1, , , ,C α α α α=

 
be a cyclic 

group. Then ( ) 11 12

21 22

10,1 0;5
D D

D
D D

 
=  
 

 is a difference 

matrix over 5C  where each ; , 1, 2ikD i k =  is a ( )5, 5;5D  
as given below [see Dawson (1985) and Dey and 
Mukerjee (1999)]:

4 4

4 3 3

2 2
11

2 2

3 3 4

1
1 1

,1 1
1 1
1 1

D

α α α α
α α α
α α α

α α α
α α α

 
 
 
 =
 
 
 
 

3 4 2

2 3 4
21

4 3 2

2 4 3

1 1 1 1 1
1

,1
1
1

D
α α α α
α α α α
α α α α
α α α α

 
 
 
 =
 
 
 
 

2 3 3 2

4 2 2

4 3 3 4
12

4 4 3 3

2 2 4

1

,D

α α α α
α α α α α
α α α α α
α α α α α
α α α α α

 
 
 
 =
 
 
 
 

3 4 2

2 3 4
22

2 4 3

3 2 4

1 1 1 1 1
1

.1
1

1

D
α α α α
α α α α
α α α α
α α α α

 
 
 
 =
 
 
 
 

Moreover, replacing the group elements of 

5C  by the corresponding permutation matrices: 

( )51 ,  01  0 0 0I circα→ → , we obtain a resolvable 
semi–regular group divisible design with parameters: 

1 250, 10, 0, 2, 10, 5v b r k m nλ λ= = = = = = = =  
[see Saurabh and Sinha (2023a)] where each 

ikD  corresponds to a resolvable semi–regular 
group divisible design SR60 with parameters: 

1 225, 5, 0, 1, 5.v b r k m nλ λ= = = = = = = =  Hence, 
we obtain a resolvable global decomposable group 
divisible design.

3.	 RESOLVABLE RECTANGULAR DESIGNS
Consider an arrangement of v mn=  treatments in 

an m n×  array ' 'A  (see given below). A rectangular 
design is an arrangement of these treatments into b  
blocks, each of size k  such that:

1.	 Every treatment appears no more than once in 
a block;

2.	 Every treatment is distributed across exactly r 
blocks;

3.	 Every pair of distinct treatments in the same 

row of array A occurs together in 1λ  blocks; 
those in the same column occur together in 

2λ  blocks; and remaining pairs of distinct 

treatments occur together in 3λ  blocks.

The treatments in the same row of the array A  are 
first associates, the treatments in the same column are 
second associates and the treatments not belonging to 
the same row or column are third associates.

The non–negative integers: 1, , , ,v mn b r k λ=

, 2λ  and 3λ  are known as parameters of the 
rectangular design and they satisfy the relations: 

( ) ( ) ( )( ) ( )1 2 3; 1 1 1 1 1 .bk vr n m n m r kλ λ λ= − + − + − − = −  
A rectangular design is an important family of 3–
associate–class partially balanced incomplete block 
(PBIB) design.

Further, let N  be a v b×  incidence matrix of a 
block design which satisfies the following conditions:

(i)	 v v bJ N kJ ×= , which ensures that the each 
column sum of N  is ;k

(ii)	 ( )( ) ( )
( ){ }
( ) ( ){ }

1 1

2

3 ,

T
m n m n

m m n

m m n n

NN r I I I J

J I I

J I J I

λ λ

λ

λ

= − ⊗ + ⊗ +

− ⊗ +

− ⊗ −

 

which ensures that each row sum of N  is r  

and the concurrence numbers are 1 2,λ λ  and 

3λ  .
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Hence, N  represents a rectangular design with 

parameters: 1 2 3, , , , , , , ,v mn r k b m nλ λ λ=  [see Singh 
and Saurabh (2023)].

The m n×  array A  is given as: 

( ) ( ) ( )

0 1 2 1
1 2 2 1

1 1 1 1 2 1





    



n
n n n n

m n m n m n mn

−
+ + −

− − + − + −

Remark: A rectangular design reduces to a group 

divisible design if 1 3λ λ=  (by combining first and third 

associates) or 2 3λ λ=  (by combining second and third 
associates). The arrangement of v mn=  elements in 
m n×  array of these group divisible designs may be 
found in Saurabh and Sinha (2023b) and Saurabh 
(2024).

Let ( )1i i nΓ ≤ ≤  be a n n×  matrix whose ith 
column contains only 1’s and 0 elsewhere. Then

(i) 
1

n

i n
i

J
=

Γ =∑  (ii) 
, 

,
, 

nT
i j

n

J i j
O i j

=
Γ Γ =  ≠

 where nO  is a 

null matrix of order n .

Example 5: For 3n = , 1

1 0 0
1 0 0 ,
1 0 0

 
 Γ =  
 
 

2 3

0 1 0 0 0 1
0 1 0 , 0 0 1 .
0 1 0 0 0 1

   
   Γ = Γ =   
   
   

Given below is a series of resolvable rectangular 
designs:

Theorem 3: Let p  be a prime. Then there exists a 
resolvable rectangular design with parameters:

( ){ } ( )2 , 1 , 1 ,v p b p s t p r s t pµ µ= = + + − = + + −

1 2 3, , , , .k p s t m n pλ λ µ λ= = = = = = � (6)

Proof. Consider the following block matrices:

(i)	 1  N µ=  copies of block matrix 


p

p

p

I
I

I

 
 
 
 
  
 

 arranged 

column–wise;

(ii)	 2N s=  copies of block matrix 

1

2



p

Γ 
 Γ 
 
  Γ 

 arranged 

column–wise, where ( )1i i pΓ ≤ ≤  is a p p×  
matrix whose ith column contains only 1’s and 
0 elsewhere;

(iii)	Let ( ) 01  0 0circβ = …  be permutation circulant 
matrix of order p .

Consider the following difference matrix:

( ) ( ) ( )

( )

2 1

2 22 2 1

11 2 1 1

1 1 1 1
1

1, ;

1 ( )

    

p

p

pp p p

D p p p

α α α

α α α

α α α

−

−

−− − −

… 
 … 
 …=  
 
 
 …   

over { }2 11, , , , .

p
pC α α α −=

Further, delete first column of ( ), ;D p p p
and replace group elements by the corresponding 
permutation matrices in the column deleted matrix to 
obtain a block matrix M  as given below:

( ) ( )

( )

2 1

2 22 2 1

11 2 1 1

.

( )

p p p
p

p

pp p p

I I I

M

β β β

β β β

β β β

−

−

−− − −

… 
 … 
 …=  
 
 
 … 

   

Let 3N t=  copies of block matrix M  arranged 
column–wise.
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Consider the following block matrix 

( )1 2 3| |N N N N= obtained by juxtaposing the matrices 

1 2,N N  and 3.N Then, we have

(i)	 ( )2 2 { ( 1 }
;

p p p s t p
J N pJ

µ× + + −
=

(ii)	 1 1 2 2 3 3
T T T TNN N N N N N N= + +

( ) ( ) ( )( )
( ) ( )

{ 1p p p p p p

p p p p

J I s I J t p I I

J I J I

µ= ⊗ + ⊗ + − ⊗ +

− ⊗ −

( )( )( ) ( )
( ){ } ( ) ( ){ }

1

.

p p p p

p p p p p p p

t p I I s I J

J I I t J I J I

µ

µ

= + − ⊗ + ⊗ +

− ⊗ + − ⊗ −

Hence, N  representsthe incidence matrix of a 
rectangular design with the parameters (6) mentioned 
above.Moreover, since each row sum of the block 

matrices 

1

2,
 

p

p

p p

I
I

I

Γ   
   Γ   
   
      Γ   

 and p p×  permutation matrices 

is one, the design is resolvable.

Example 6: For 5, 1, 2, 3,p s tµ= = = =  we obtain 
a resolvable rectangular design with parameters: 

1 2 325, 75, 15, 5, 1, 2, 3, 5.v b r k m nλ λ λ= = = = = = = = =

A Table 1 of resolvable rectangular designs under 
, 10r k ≤ , obtained using Theorem 3 for different 

choices of ,s µ  and t , is presented below:

Table 1. Resolvable rectangular designs under , 10r k ≤

No. v m n b r k λ1 λ2 λ3

1 9 3 3 12 4 3 0 2 1

2 15 3 5 45 9 3 0 1 2

3 25 5 5 30 6 5 0 2 1

4 25 5 5 35 7 5 0 3 1

5 25 5 5 40 8 5 0 4 1

6 25 5 5 45 9 5 0 5 1

7 25 5 5 45 9 5 0 1 2

8 25 5 5 50 10 5 0 6 1

9 25 5 5 45 9 5 2 3 1

10 25 5 5 50 10 5 2 4 1

11 49 7 7 56 8 7 0 2 1

12 49 7 7 63 9 7 0 3 1

13 49 7 7 70 10 7 0 4 1

4.	 CONCLUSION

Here, some series of global decomposable semi–
regular group divisible designs are described using 
difference matrices. A series of resolvable rectangular 
designs is also obtained using difference matrices 
and permutation circulant matrices. Further, some 
resolvable rectangular designs under , 10r k ≤  are also 
tabulated. A recent survey on rectangular designs is 
available in Singh and Saurabh (2023). Some series of 
cyclic rectangular designs are obtained by Sinha et al. 
(2002) and Saurabh (2026b), among others.

Global decomposable designs may have possible 
applications in cryptography and coding theory. Group 
divisible designs already have well–known applications 
in group testing experiments and intercropping 
experiments [see Raghavarao and Padgett (2005)]. 
Group divisible designs are also applicable in 
agricultural field trials.

Resolvable group divisible designs are used in 
the construction of A2–codes and low–density parity–
check (LDPC) codes [see Pei (2006) and Xu et al. 
(2015, 2020)]. The resolvability can likewise be useful 
in multi–site experiments and in experiments with 
multiple individuals handling experimental runs. Such 
situations exist in industrial, agricultural and forestry 
experiments. For details, we refer to Morgan and Reck 
(2007), John and Williams (1995), and Patterson and 
Silvey (1980).	

Rectangular designs are useful as factorial 
experiments, which have balance as well as 
orthogonality [see Gupta and Mukerjee (1989)]. In 

addition, rectangular designs having 3 1 2,λ λ λ>  when 
used as the m n×  complete confounded experiments, 
the loss of information on the main effects is small [see 
Suen (1989)].Recently rectangular designs have been 
used in the constructions of LDPC codes and threshold 
schemes [see Saurabh (2026c)].

ACKNOWLEDGEMENTS

The author is grateful to anonymous reviewers 
and Dr. Mithilesh Kumar Singh for their valuable 
suggestions in improving the content and presentation 
of the manuscript.



455Shyam Saurabh / Journal of the Indian Society of Agricultural Statistics 447–455

DECLARATIONS
	● Conflict of Interest

	 The author declares that he has no conflict of 
interest.

	● Data Availability
	 Not Applicable.

	● Ethical Approval
	 Ethical approval was not required for this study 

because it did not involve human participants, 
animals, or collection of identifiable personal 
information.

	● Clinical Trial Number
	 Not Applicable. This study did not involve a 

clinical trial.
	● Consent To Publish

	 Not applicable. This study did not involve the 
recruitment or participation of human subjects.

	● Consent To Participate
	 This study did not involve the recruitment or 

participation of human subjects.
	● Funding

	 The author received no specific funding or financial 
support for this study.

	 The authors confirm that the paper is not under 
review or in publication in full or partial in any 
other Journal.

REFERENCES
Clatworthy, W.H. (1973). Tables of two–associate–class partially 

balanced designs. National Bureau of Standards(U.S.), Applied 
Mathematics, Series 63.

Dawson, J.E. (1985). A construction of generalized Hadamard matrices 
GH (4q, EA(q)). Discrete Mathematics, 11, 103–110.

Dey, A. and Mukerjee, R. (1999). Fractional factorial plans. Wiley 
Inter–Science, New York.

Gupta, S. and Mukerjee, R. (1989). A Calculus for Factorial 
Arrangements, Lecture Notes in Statistics, Vol. 59, Springer–
Verlag, New York.

Ionin, Y.J. and Shrikhande, M.S. (2006). Decomposable symmetric 
designs. Discrete Mathematics, 306, 1557–1568.

John, J.A., and Williams, E. R.(1995). Cyclic and computer generated 
designs. 2nd ed. New York: Springer.

Morgan, J.P., and Reck, B.H.(2007). Resolvable designs with 
large blocks. The Annals of Statistics, 35(2), 747–771. doi: 
10.1214/009053606000001253.

Patterson, H.D., and Silvey, V. (1980). Statutory and recommended 
list trials of crop varities in the United Kingdom. Journal of the 
Royal Statistical Society: Series A, 143(3), 219–252. doi: 10. 
2307/2982128.

Pei, D. 2006. A survey of construction for A2–codes. In Authentication 
codes and combinatorial designs. Discrete mathematics and its 
applications, ed. K. H. Rosen, 215–230. New York: Chapman & 
Hall/CRC.

Raghavarao, D. and Padgett, Lakshmi V. (2005). Block designs. 
Analysis, Combinatorics and Applications. Series on Applied 
Mathematics, 17, World Scientific, Singapore.

Saurabh, S. and Sinha, K. (2023a). A list of new partially balanced 
designs. Communications in Statistics–Theory and Methods, 
52(23), 8607–8610.

Saurabh, S. and Sinha, K. (2023b). Matrix approaches to constructions 
of group divisible designs. Bulletin of the ICA, 97, 83–105.

Saurabh, S. (2024). Some matrix constructions of non–symmetric 
regular group divisible designs. Bulletin of the ICA, 102, 129–146.

Saurabh, S. (2026a). Combinatorial designs with resolvable subdesigns 
based on generalized Hadamard matrices. Galois Journal of 
Algebra, 2(2), 66–73.

Saurabh, S. (2026b). Some series of cyclic partially balanced designs. 
Journal of the Indian Society of Agricultural Statistics, 80(2), 
389–394.

Saurabh, S. (2026c). Some combinatorial applications of tactical 
decomposable rectangular designs families. Utilitas Mathematica, 
128, 441–456.

Singh, M.K. and Saurabh, S. (2023). On certain classes of rectangular 
designs. Calcutta Statistical Association Bulletin, 75(1), 72–96.

Sinha, K., Singh, M.K., Kagyeyama. S. and Singh, R.S. (2002). Some 
series of rectangular designs. Journal of Statistical Planning and 
Inference, 105, 39–46.

Suen, C. (1989). Some rectangular designs constructed by the method 
of differences. Journal of Statistical Planning and Inference, 21, 
273–276.

Xu, H., Feng, D., Sun, C. and Bai, B. (2015). Construction of LDPC 
codes based on resolvable group divisible designs. In International 
Workshop on High Mobility Wireless Communications (HMWC), 
China, October 21–23. p. 111–115.

Xu, H., Yu, Z., Feng, D. and Zhu, H. (2020). New construction of 
partial geometries based on group divisible designs and their 
associated LDPC codes. Physical Communication, 39, 100970. 
doi: 10.1016/j.phycom.2019.100970.


